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• 西野 正彬 (Masaaki Nishino)

• 日本電信電話株式会社
NTT コミュニケーション科学基礎研究所
特別研究員

• アルゴリズム、自然言語処理の基礎研究に従事
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• 組合せを扱う最先端のアルゴリズム研究の紹介

• 基礎研究におけるアルゴリズムの実装において
NTTデータ数理システム社に
どのように協力いただいているかの紹介 B±D C ε ε

ε A±E

ε ±E D ε
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1. アルゴリズムとは

2. 組合せ爆発を乗り越えるアルゴリズム技術

3. アルゴリズムの実装とその価値
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計算機を用いて問題を解くための計算手続き
様々な問題に対して、その問題を解くためのアルゴリズムが存在

例：ソート（並べ替え）問題

[1, 9, 8, 3, 7]

入力
（整数の列）

計算機
（PC, スマホなど）

出力
（小さい順に整列）

[1, 3, 7, 8, 9]
ソート

アルゴリズム
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• 1つの問題を解くための方法が多数存在
• Wikipediaには40種類以上のソートアルゴリズムが掲載

• アルゴリズム間の違い
• 実行時間
• 使用メモリ量

https://en.wikipedia.org/wiki/Sorting_algorithm

アルゴリズムの違いが１万倍以上の速度差を生むことも
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• 汎用的
• １つのアルゴリズムが様々な場面で用いられる
• アルゴリズムを改善することで、幅広い場面で
計算の高速化や消費エネルギーの削減などに貢献

効率的なアルゴリズムを考案することで
広く世の中に貢献できる
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1. アルゴリズムとは

2. 組合せ爆発を乗り越えるアルゴリズム技術

3. アルゴリズムの実装とその価値
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• 離散的な対象の組合せを扱う問題を解くアルゴリズム

パズル
https://ja.wikipedia.org/wiki/%E6%95%B0%E7%8B%AC

最適な経路の発見

https://www.openstreetmap.org/
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組合せ問題の例
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制約充足
条件を満たす組合せ
があるかを調べる

最適化
条件を満たす
もっともよい

組合せを見つける

数え上げ
条件を満たす
組合せの数を
数える

組合せ爆発のため計算が困難になりやすい
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12

4人の従業員を2人ずつの２つのグループ
（A組、B組）に分ける方法は何通り？
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6通り
A B A B A B

A B A B A B



Copyright©2021  NTT corp. All Rights Reserved.

グループ分けは何通り？
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10人の従業員を5人ずつの２つのグループ
（A組、B組）に分ける方法は何通り？
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答え

252通り
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従業員が増えると…
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グループ分けの種類数が急増

50人 100人

126,410,606,437,752 通り 100,891,344,545,564,
193,334,812,497,256 通り（126兆）
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問題サイズに対して組合せの数が
指数的に増加する現象

A B

グループ分け 移動経路 並べ替え

1 2 3 4

1 2 3 4

普遍的な現象
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組合せ爆発の困難さ

18

• 多くの問題で、問題を解くのに組合せの
総数に比例した計算時間が必要

• 問題サイズが少し大きくなっただけで、現実的な時間で
問題を解くことが困難になる
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組合せ爆発を避ける
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全ての組合せを扱わずに問題を解く

一般的な手法

一部を
取り出す
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組合せ爆発を乗り超える
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膨大な数の組合せを小さく圧縮することで問題を解く

私達が研究している手法

圧縮



Copyright©2021  NTT corp. All Rights Reserved.

圧縮に基づくアプローチの利点
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組合せを全て保持している

• 条件に沿った組合せを効率的に取り出すなどの操作が柔軟に実行可能

• 組合せに関する正確な値を算出できる
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組合せ集合
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• 組合せを要素とする集合
• 1, 2, 3の組合せ集合: {{1,2}, {1,3}, {2,3}},    {{1}, {1,2,3}}    

• さまざまなものが組合せ集合として表現できる
• グループ分けの集合
• 移動経路の集合

A B A B
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二分決定グラフ
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組合せ集合をグラフとして表現する方法

二分決定グラフ

{{1,2}, {1,3}, {2,3}}
組合せ集合

（頂点と辺からなる図形）experiments on several benchmarks including real commu-
nication networks. The results show that our method scales
for more than the existing exact method; our method can be
considered practical enough, since it can optimize a network
with 189 links in practical time. In addition, our research
elucidates the poor performance of existing approximation
methods; an existing heuristic method is shown to ofthen fall
into local optima and its reliability is less than half the true
value.

Our research throws a new light on the field of network
reliability. Although network reliability evaluations have been
extensively studied [1]–[5], optimization has not because of
the perception of computational intractability. This paper,
however, shows that the reliability optimization is not much
harder than the evaluation. From a theoretical aspect, just a
single BDD is required for the reliability evaluation as well as
the optimization. From an empirical view, the recent work of
[4] succeeded in computing the exact reliability for a random
(realistic) network with 140 links at most, while our method
successfully optimizes real networks of comparable size.

The rest of this paper is organized as follows. Section
II gives preliminaries on reliability optimization and BDDs.
Section III proposes our A⇤ search algorithm for the problem
of reliability maximization under a budget constraint, while
Section IV describes another algorithm for the problem of
cost minimization under some reliability constraint. Section
V reports the experiments conducted and their results. Sec-
tions VI and VII discuss related work and our conclusions,
respectively.

II. PRELIMINARIES

A. Network Reliability Evaluation

A communication network is represented as undirected
graph G = (V, E). Let N = |V | be the number of vertices and
M = |E| be the number of links. We assume that every link
ei 2 E independently fails with probability 1.0 � pi, where
pi 2 [0, 1] is the probability that ei is available, called the
availability of the link ei. Let T ✓ V be a set of terminal
vertices. A network is active if all the terminal vertices are
connected by available links. Network reliability is defined as
the probability that a network is active. We use M -dimensional
binary vector y = (y1, . . . , yM ) to represent the current status
of the links. If yi = 0, then link ei fails. Otherwise link ei is
available. By using y, network reliability r is formally defined
as

r =
X

y2{0,1}M

�(y)
MY

i=1

p
yi
i (1 � pi)

1�yi , (1)

where �(y) is an M -ary Boolean function that takes �(y) = 1
if the network is active with the set of available links repre-
sented by y, otherwise �(y) = 0. Since the exact computation
of r requires an examination of all combinations of available
links that make the network active, the time required is ex-
ponential in the number of links; accordingly, exact reliability
evaluation is known to be a #P-complete problem [9], [10].
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Fig. 1. (a) An example of a network with three links, e1, e2, and e3. (b) The
BDD corresponding to Boolean function y = (y1^y2)_(y1^y3)_(y2^y3),
which represents the set of all combinations of available links making the
network active (we assume all vertices are terminals).

B. Binary Decision Diagrams
The state-of-the-art method for exact computation of net-

work reliability exploits BDDs [1]–[4]. BDD is a data structure
that represents a Boolean function as a directed acyclic graph
(DAG). A BDD’s DAG consists of two types of nodes and two
types of arcs; to avoid confusion, we use the words “nodes”
and “arcs” for BDDs, while using the words “vertices” and
“links” for networks. A node with no outgoing arcs is called
a terminal node 1. A BDD has exactly two terminal nodes
labeled either ? or >. Non-terminal nodes are called branch
nodes. Every branch node has exactly two outgoing arcs, called
hi-arc and lo-arc, and is labeled by the corresponding variable,
yi. Every BDD has exactly one branch node called root that
has no incoming arc. We represent a BDD as the set of branch
nodes b1, . . . , bB , where B is the number of branch nodes.
We also call B the size of the BDD. We use label(k), lo(k),
and hi(k) to represent the label of bk, the index of the child
node that is pointed by lo-arc, and the index of the child node
pointed by hi-arc, respectively. Without loss of generality, we
assume that b1, . . . , bB follows a topological order and b1 is
always the root.

Example 1. Fig.1 (a) is a network that forms a complete graph
with three vertices. If we assume all vertices are terminals,
i.e., T = V , then the Boolean function representing the active
patterns becomes �(y) = (y1^y2)_(y1^y3)_(y2^y3). Since
it is a Boolean function, it can be represented as a BDD. Fig.1
(b) shows the BDD that represents �(y). Circles represent
branch nodes and rectangles represent terminal nodes. Branch
nodes are labeled by the variable number in the circle. Hi-arcs
are represented by solid arrows, while lo-arcs are represented
by dashed arrows.

A BDD is ordered if labels of every parent-child pair of
branch nodes follow a complete order defined over its labels.
The BDD in Fig. 1 (b) is an ordered BDD since the labels of
every parent-child pair follow the order y1 < y2 < y3. In the
following, we always assume the order y1 < y2 < · · · < yM

without loss of generality.
Let �|yi=� be the subfunction of � obtained by setting yi =

� (� 2 {0, 1}). Any Boolean function � can be decomposed

1Note that BDD terminal nodes are not related to terminal vertices in
networks.

◯✕
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各組合せが根から◯までの経路に対応する

experiments on several benchmarks including real commu-
nication networks. The results show that our method scales
for more than the existing exact method; our method can be
considered practical enough, since it can optimize a network
with 189 links in practical time. In addition, our research
elucidates the poor performance of existing approximation
methods; an existing heuristic method is shown to ofthen fall
into local optima and its reliability is less than half the true
value.

Our research throws a new light on the field of network
reliability. Although network reliability evaluations have been
extensively studied [1]–[5], optimization has not because of
the perception of computational intractability. This paper,
however, shows that the reliability optimization is not much
harder than the evaluation. From a theoretical aspect, just a
single BDD is required for the reliability evaluation as well as
the optimization. From an empirical view, the recent work of
[4] succeeded in computing the exact reliability for a random
(realistic) network with 140 links at most, while our method
successfully optimizes real networks of comparable size.

The rest of this paper is organized as follows. Section
II gives preliminaries on reliability optimization and BDDs.
Section III proposes our A⇤ search algorithm for the problem
of reliability maximization under a budget constraint, while
Section IV describes another algorithm for the problem of
cost minimization under some reliability constraint. Section
V reports the experiments conducted and their results. Sec-
tions VI and VII discuss related work and our conclusions,
respectively.

II. PRELIMINARIES

A. Network Reliability Evaluation

A communication network is represented as undirected
graph G = (V, E). Let N = |V | be the number of vertices and
M = |E| be the number of links. We assume that every link
ei 2 E independently fails with probability 1.0 � pi, where
pi 2 [0, 1] is the probability that ei is available, called the
availability of the link ei. Let T ✓ V be a set of terminal
vertices. A network is active if all the terminal vertices are
connected by available links. Network reliability is defined as
the probability that a network is active. We use M -dimensional
binary vector y = (y1, . . . , yM ) to represent the current status
of the links. If yi = 0, then link ei fails. Otherwise link ei is
available. By using y, network reliability r is formally defined
as

r =
X

y2{0,1}M

�(y)
MY

i=1

p
yi
i (1 � pi)

1�yi , (1)

where �(y) is an M -ary Boolean function that takes �(y) = 1
if the network is active with the set of available links repre-
sented by y, otherwise �(y) = 0. Since the exact computation
of r requires an examination of all combinations of available
links that make the network active, the time required is ex-
ponential in the number of links; accordingly, exact reliability
evaluation is known to be a #P-complete problem [9], [10].
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Fig. 1. (a) An example of a network with three links, e1, e2, and e3. (b) The
BDD corresponding to Boolean function y = (y1^y2)_(y1^y3)_(y2^y3),
which represents the set of all combinations of available links making the
network active (we assume all vertices are terminals).

B. Binary Decision Diagrams
The state-of-the-art method for exact computation of net-

work reliability exploits BDDs [1]–[4]. BDD is a data structure
that represents a Boolean function as a directed acyclic graph
(DAG). A BDD’s DAG consists of two types of nodes and two
types of arcs; to avoid confusion, we use the words “nodes”
and “arcs” for BDDs, while using the words “vertices” and
“links” for networks. A node with no outgoing arcs is called
a terminal node 1. A BDD has exactly two terminal nodes
labeled either ? or >. Non-terminal nodes are called branch
nodes. Every branch node has exactly two outgoing arcs, called
hi-arc and lo-arc, and is labeled by the corresponding variable,
yi. Every BDD has exactly one branch node called root that
has no incoming arc. We represent a BDD as the set of branch
nodes b1, . . . , bB , where B is the number of branch nodes.
We also call B the size of the BDD. We use label(k), lo(k),
and hi(k) to represent the label of bk, the index of the child
node that is pointed by lo-arc, and the index of the child node
pointed by hi-arc, respectively. Without loss of generality, we
assume that b1, . . . , bB follows a topological order and b1 is
always the root.

Example 1. Fig.1 (a) is a network that forms a complete graph
with three vertices. If we assume all vertices are terminals,
i.e., T = V , then the Boolean function representing the active
patterns becomes �(y) = (y1^y2)_(y1^y3)_(y2^y3). Since
it is a Boolean function, it can be represented as a BDD. Fig.1
(b) shows the BDD that represents �(y). Circles represent
branch nodes and rectangles represent terminal nodes. Branch
nodes are labeled by the variable number in the circle. Hi-arcs
are represented by solid arrows, while lo-arcs are represented
by dashed arrows.

A BDD is ordered if labels of every parent-child pair of
branch nodes follow a complete order defined over its labels.
The BDD in Fig. 1 (b) is an ordered BDD since the labels of
every parent-child pair follow the order y1 < y2 < y3. In the
following, we always assume the order y1 < y2 < · · · < yM

without loss of generality.
Let �|yi=� be the subfunction of � obtained by setting yi =

� (� 2 {0, 1}). Any Boolean function � can be decomposed

1Note that BDD terminal nodes are not related to terminal vertices in
networks.

二分決定グラフ

{{1,2}, {1,3}, {2,3}}
組合せ集合

◯✕
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破線は要素が「ない」ことを、実線は要素が「ある」ことを表す

experiments on several benchmarks including real commu-
nication networks. The results show that our method scales
for more than the existing exact method; our method can be
considered practical enough, since it can optimize a network
with 189 links in practical time. In addition, our research
elucidates the poor performance of existing approximation
methods; an existing heuristic method is shown to ofthen fall
into local optima and its reliability is less than half the true
value.

Our research throws a new light on the field of network
reliability. Although network reliability evaluations have been
extensively studied [1]–[5], optimization has not because of
the perception of computational intractability. This paper,
however, shows that the reliability optimization is not much
harder than the evaluation. From a theoretical aspect, just a
single BDD is required for the reliability evaluation as well as
the optimization. From an empirical view, the recent work of
[4] succeeded in computing the exact reliability for a random
(realistic) network with 140 links at most, while our method
successfully optimizes real networks of comparable size.

The rest of this paper is organized as follows. Section
II gives preliminaries on reliability optimization and BDDs.
Section III proposes our A⇤ search algorithm for the problem
of reliability maximization under a budget constraint, while
Section IV describes another algorithm for the problem of
cost minimization under some reliability constraint. Section
V reports the experiments conducted and their results. Sec-
tions VI and VII discuss related work and our conclusions,
respectively.

II. PRELIMINARIES

A. Network Reliability Evaluation

A communication network is represented as undirected
graph G = (V, E). Let N = |V | be the number of vertices and
M = |E| be the number of links. We assume that every link
ei 2 E independently fails with probability 1.0 � pi, where
pi 2 [0, 1] is the probability that ei is available, called the
availability of the link ei. Let T ✓ V be a set of terminal
vertices. A network is active if all the terminal vertices are
connected by available links. Network reliability is defined as
the probability that a network is active. We use M -dimensional
binary vector y = (y1, . . . , yM ) to represent the current status
of the links. If yi = 0, then link ei fails. Otherwise link ei is
available. By using y, network reliability r is formally defined
as

r =
X

y2{0,1}M

�(y)
MY

i=1

p
yi
i (1 � pi)

1�yi , (1)

where �(y) is an M -ary Boolean function that takes �(y) = 1
if the network is active with the set of available links repre-
sented by y, otherwise �(y) = 0. Since the exact computation
of r requires an examination of all combinations of available
links that make the network active, the time required is ex-
ponential in the number of links; accordingly, exact reliability
evaluation is known to be a #P-complete problem [9], [10].
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Fig. 1. (a) An example of a network with three links, e1, e2, and e3. (b) The
BDD corresponding to Boolean function y = (y1^y2)_(y1^y3)_(y2^y3),
which represents the set of all combinations of available links making the
network active (we assume all vertices are terminals).

B. Binary Decision Diagrams
The state-of-the-art method for exact computation of net-

work reliability exploits BDDs [1]–[4]. BDD is a data structure
that represents a Boolean function as a directed acyclic graph
(DAG). A BDD’s DAG consists of two types of nodes and two
types of arcs; to avoid confusion, we use the words “nodes”
and “arcs” for BDDs, while using the words “vertices” and
“links” for networks. A node with no outgoing arcs is called
a terminal node 1. A BDD has exactly two terminal nodes
labeled either ? or >. Non-terminal nodes are called branch
nodes. Every branch node has exactly two outgoing arcs, called
hi-arc and lo-arc, and is labeled by the corresponding variable,
yi. Every BDD has exactly one branch node called root that
has no incoming arc. We represent a BDD as the set of branch
nodes b1, . . . , bB , where B is the number of branch nodes.
We also call B the size of the BDD. We use label(k), lo(k),
and hi(k) to represent the label of bk, the index of the child
node that is pointed by lo-arc, and the index of the child node
pointed by hi-arc, respectively. Without loss of generality, we
assume that b1, . . . , bB follows a topological order and b1 is
always the root.

Example 1. Fig.1 (a) is a network that forms a complete graph
with three vertices. If we assume all vertices are terminals,
i.e., T = V , then the Boolean function representing the active
patterns becomes �(y) = (y1^y2)_(y1^y3)_(y2^y3). Since
it is a Boolean function, it can be represented as a BDD. Fig.1
(b) shows the BDD that represents �(y). Circles represent
branch nodes and rectangles represent terminal nodes. Branch
nodes are labeled by the variable number in the circle. Hi-arcs
are represented by solid arrows, while lo-arcs are represented
by dashed arrows.

A BDD is ordered if labels of every parent-child pair of
branch nodes follow a complete order defined over its labels.
The BDD in Fig. 1 (b) is an ordered BDD since the labels of
every parent-child pair follow the order y1 < y2 < y3. In the
following, we always assume the order y1 < y2 < · · · < yM

without loss of generality.
Let �|yi=� be the subfunction of � obtained by setting yi =

� (� 2 {0, 1}). Any Boolean function � can be decomposed

1Note that BDD terminal nodes are not related to terminal vertices in
networks.

二分決定グラフ

{{1,2}, {1,3}, {2,3}}
組合せ集合

◯✕

１: なし

２: あり

３: あり
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1. 組合せ集合を圧縮して表現できる

2. 圧縮したまま様々な計算を実行できる
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共通な要素に対応する箇所をまとめることで
小さく表現できる

experiments on several benchmarks including real commu-
nication networks. The results show that our method scales
for more than the existing exact method; our method can be
considered practical enough, since it can optimize a network
with 189 links in practical time. In addition, our research
elucidates the poor performance of existing approximation
methods; an existing heuristic method is shown to ofthen fall
into local optima and its reliability is less than half the true
value.

Our research throws a new light on the field of network
reliability. Although network reliability evaluations have been
extensively studied [1]–[5], optimization has not because of
the perception of computational intractability. This paper,
however, shows that the reliability optimization is not much
harder than the evaluation. From a theoretical aspect, just a
single BDD is required for the reliability evaluation as well as
the optimization. From an empirical view, the recent work of
[4] succeeded in computing the exact reliability for a random
(realistic) network with 140 links at most, while our method
successfully optimizes real networks of comparable size.

The rest of this paper is organized as follows. Section
II gives preliminaries on reliability optimization and BDDs.
Section III proposes our A⇤ search algorithm for the problem
of reliability maximization under a budget constraint, while
Section IV describes another algorithm for the problem of
cost minimization under some reliability constraint. Section
V reports the experiments conducted and their results. Sec-
tions VI and VII discuss related work and our conclusions,
respectively.

II. PRELIMINARIES

A. Network Reliability Evaluation

A communication network is represented as undirected
graph G = (V, E). Let N = |V | be the number of vertices and
M = |E| be the number of links. We assume that every link
ei 2 E independently fails with probability 1.0 � pi, where
pi 2 [0, 1] is the probability that ei is available, called the
availability of the link ei. Let T ✓ V be a set of terminal
vertices. A network is active if all the terminal vertices are
connected by available links. Network reliability is defined as
the probability that a network is active. We use M -dimensional
binary vector y = (y1, . . . , yM ) to represent the current status
of the links. If yi = 0, then link ei fails. Otherwise link ei is
available. By using y, network reliability r is formally defined
as

r =
X

y2{0,1}M

�(y)
MY

i=1

p
yi
i (1 � pi)

1�yi , (1)

where �(y) is an M -ary Boolean function that takes �(y) = 1
if the network is active with the set of available links repre-
sented by y, otherwise �(y) = 0. Since the exact computation
of r requires an examination of all combinations of available
links that make the network active, the time required is ex-
ponential in the number of links; accordingly, exact reliability
evaluation is known to be a #P-complete problem [9], [10].

e1� e2�
e3�

(a)

1�

3�

>

>

2� 2�

b1�

b2� b3�

b4�

(b)

Fig. 1. (a) An example of a network with three links, e1, e2, and e3. (b) The
BDD corresponding to Boolean function y = (y1^y2)_(y1^y3)_(y2^y3),
which represents the set of all combinations of available links making the
network active (we assume all vertices are terminals).

B. Binary Decision Diagrams
The state-of-the-art method for exact computation of net-

work reliability exploits BDDs [1]–[4]. BDD is a data structure
that represents a Boolean function as a directed acyclic graph
(DAG). A BDD’s DAG consists of two types of nodes and two
types of arcs; to avoid confusion, we use the words “nodes”
and “arcs” for BDDs, while using the words “vertices” and
“links” for networks. A node with no outgoing arcs is called
a terminal node 1. A BDD has exactly two terminal nodes
labeled either ? or >. Non-terminal nodes are called branch
nodes. Every branch node has exactly two outgoing arcs, called
hi-arc and lo-arc, and is labeled by the corresponding variable,
yi. Every BDD has exactly one branch node called root that
has no incoming arc. We represent a BDD as the set of branch
nodes b1, . . . , bB , where B is the number of branch nodes.
We also call B the size of the BDD. We use label(k), lo(k),
and hi(k) to represent the label of bk, the index of the child
node that is pointed by lo-arc, and the index of the child node
pointed by hi-arc, respectively. Without loss of generality, we
assume that b1, . . . , bB follows a topological order and b1 is
always the root.

Example 1. Fig.1 (a) is a network that forms a complete graph
with three vertices. If we assume all vertices are terminals,
i.e., T = V , then the Boolean function representing the active
patterns becomes �(y) = (y1^y2)_(y1^y3)_(y2^y3). Since
it is a Boolean function, it can be represented as a BDD. Fig.1
(b) shows the BDD that represents �(y). Circles represent
branch nodes and rectangles represent terminal nodes. Branch
nodes are labeled by the variable number in the circle. Hi-arcs
are represented by solid arrows, while lo-arcs are represented
by dashed arrows.

A BDD is ordered if labels of every parent-child pair of
branch nodes follow a complete order defined over its labels.
The BDD in Fig. 1 (b) is an ordered BDD since the labels of
every parent-child pair follow the order y1 < y2 < y3. In the
following, we always assume the order y1 < y2 < · · · < yM

without loss of generality.
Let �|yi=� be the subfunction of � obtained by setting yi =

� (� 2 {0, 1}). Any Boolean function � can be decomposed

1Note that BDD terminal nodes are not related to terminal vertices in
networks.

二分決定グラフ

{{1,2}, {1,3}, {2,3}}
組合せ集合

◯✕

3をまとめて
圧縮
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組合せ爆発を圧縮する

28

経路の総数
789,360,053,252通り

スタート

ゴール

同じ点を二度通らないスタートからゴールまでの経路

組合せ爆発！
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組合せ爆発を圧縮する

29

経路の総数
789,360,053,252通り

二分決定グラフの頂点数
33,580個

スタート

ゴール

大幅に圧縮！

同じ点を二度通らないスタートからゴールまでの経路



Copyright©2021  NTT corp. All Rights Reserved.

組合せ爆発を圧縮する
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似た経路が無数に存在→二分決定グラフで効果的に圧縮できる
スタート

ゴール

スタート

ゴール
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圧縮して計算
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スタート

ゴール

特定の辺を通る経路の数を求めたい

素朴な方法：経路の総数
（789,360,053,252通り）

に比例する時間

計算に膨大な時間がかかる

組合せ爆発！
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圧縮して計算
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スタート

ゴール

特定の辺を通る経路の数を求めたい

素朴な方法：経路の総数
（789,360,053,252通り）

に比例する時間

二分決定グラフの頂点数
（33,580個）

に比例する時間で計算可能
現実的な時間で計算可能に！
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研究事例紹介
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•敷き詰め方の列挙
（計算の大幅な高速化、柔軟な処理）

•故障に強いネットワークの設計
（計算の大幅な高速化）
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敷き詰め問題
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盤面

利用可能なピース

敷き詰めかたの例

盤面に隙間なくピースを敷き詰める方法を見つける問題
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敷き詰め問題の例
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様々な現実の問題が敷き詰め問題として解ける

電子回路上の
モジュール配置

マンションの
間取り設計

https://ja.wikipedia.org/wiki/%E9%9B%86%E7%A9%8D%E5%9B%9E%E8%B7%AF#/media/%E3%83%95%E3%82%A1%E3%82%A4%
E3%83%AB:Dec_alpha_small.JPG
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問題の難しさ
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• 解をひとつ見つけるだけでも難しい (NP完全）
• 膨大な数の解が存在する

盤面サイズ 解の総数
4x4 117 通り
8x8 19,077,209,438 通り
12x12 13,664,822,582,333,502,156,627,512 通り

組合せ爆発！
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敷き詰め方の列挙
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二分決定グラフを用いて敷き詰め方を全て見つける方法を開発
従来法：
敷き詰め方を順番に見つける

提案法：
敷き詰め方の集合を表す
二分決定グラフを作る

3�

2�

>

>

5�

1�

共通部分を圧縮 
→小さいグラフで解を表現 

◯

敷き詰め方は
ピースの置き方の
組合せとして表現
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手法の特徴

38

特徴1: 高速
例: ピース敷き詰め (8x8マス）の答えの列挙

既存法 提案法
16475秒 0.88秒

190億通りの解を1秒以内にすべて発見
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なぜ高速？
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ピース敷き詰め (10x10マス）

敷き詰め方の総数： 72,713,560,548,906,621通り
二分決定グラフの頂点数： 16,476,396個

既存法: 敷き詰め方の総数に比例する計算
提案法: 二分決定グラフの頂点数に比例する計算

圧縮することで大幅な高速化を実現
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手法の特徴
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特徴２: 解をすべて圧縮して保存
条件に応じて適切な解を素早く取り出すことができる
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デモ
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マンションの間取りデザイン
• 3LDKのマンションの間取りを
すべて列挙

• 条件に合わせて間取りを高速に
絞り込むことができる
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ネットワークの信頼性とは
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信頼性80% 信頼性96%

電線が事故や災害の影響で切れるときに
通信可能である確率
故障に対する強さを表す
例：各電線が20%の確率で切れるときの信頼性
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信頼性最大化問題
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予算の範囲内で、信頼性を最大にする
電線の配置方法を見つける問題

信頼性74% 信頼性74%信頼性87%
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信頼性最大化問題と組合せ爆発
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信頼性最大化問題は難しい

難しさ１: 解の候補が指数個存在する 組合せ爆発！
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信頼性最大化問題と組合せ爆発
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難しさ２: 信頼性を調べるために指数通りの故障パターンを
調べ上げる必要がある

解の候補
故障パターン

組合せ爆発！
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信頼性最大化と組合せ爆発
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• 信頼性最大化問題を解くためには二重の
組合せ爆発に対処する必要がある
• 解の候補数
• 解ごとの故障パターン数

最適解を求める効率的な手法は知られていなかった

組合せ爆発！

組合せ爆発！
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二分決定グラフを使った解法
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通信可能なすべての
故障パターン
（16通り）

すべての故障パターンを
表す二分決定グラフ
（10頂点）

圧縮
解候補

二分決定グラフを用いて故障パターンの集合を表現し、
その上で探索を行うことで、信頼性最大化問題を解く

◯

✕

組合せ爆発！
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提案法の特徴
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•従来より大規模なネットワークに対する
最適解を求めることができる
• 従来法:   10拠点程度
• 提案法: 100拠点以上

•従来法より10万倍以上高速
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デモ
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鉄道網の設計
・線路が故障しても、すべての
駅に行き来できる確率が最大に
なるように線路を敷設する
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ここまでのまとめ
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◯✕

1

3

2 2

二分決定グラフを用いて
組合せ爆発に対処

指数的に増大する対象を扱う
問題を解くことができる

組合せ爆発！

組合せ爆発！
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アウトライン
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1. アルゴリズムとは

2. 組合せ爆発を乗り越えるアルゴリズム技術

3. アルゴリズムの実装とその価値
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アルゴリズム研究と実装
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•アルゴリズムの実装は非常に重要
• アルゴリズムの性能評価
• 応用研究の推進
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例：深層学習
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強力なフレームワークが深層学習技術の
急速な発展を下支え

VISUAL IDENTITY

CLEARSPACE

COLOR OPTIONS

Logo & Lockups

STACKED LOCKUP
(If space is constrained)

HORIZONTAL LOCKUP 
(Preferred)

LOCKUP ON WHITE
(Preferred)

LOCKUP ON GRAY

WHITE LOCKUP 
ON BLACK

WHITE LOCKUP 
ON ORANGE

WORDMARK ICON

Download Brand Assets

1

1

1

1

1

1

3/4

1

1
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決定グラフ処理系の実装
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2016年に新しい決定グラフであるZSDDを考案
A

BB

CC

D

Ｔ⊥

ZDD
（既存の決定グラフ）

ZSDD
（新しい決定グラフ）

1 5

B A ¬B ⊥

1

¬D¬C D ⊥

1

B ¬A

5

¬B¬A B ⊥

1

D C ¬D⊥ ¬B A

3

   ¬D    ⊥

(a) An SDD

1

B A ε ⊥

3

 ε B ±C ε  A ⊥

5

D C ε ⊥

(b) A ZSDD

1

B A

3

 ε B ±C ε  

5

D C

(c) A ZSDD with im-
plicit partition

Figure 2: An SDD and ZSDDs that represent
{{A,B}, {B}, {B,C}, {C,D}}, that respect vtree in
Fig. 1(a).

Zero-suppressed Sentential Decision Diagrams
We introduce a variant of the SDD, which we named the
Zero-suppressed SDD (ZSDD) since they subsume the Zero-
suppressed Binary Decision Diagram (ZDD) (Minato 1993)
as a strict subset, same as SDDs subsume OBDDs as the
strict subset. The ZDD is an OBDD variant that also repre-
sents a Boolean function as a DAG, but it tends to be more
succinct in representing a family of sets. Due to this feature,
ZDDs are used in various fields such as frequent pattern min-
ing (Minato, Uno, and Arimura 2008; Loekito and Bailey
2006), and is implemented in several standard BDD manip-
ulation software packages like CuDD (Somenzi 2012).

ZSDDs inherit this feature of ZDDs, while it is more suc-
cinct than ZDDs, in the same way as SDDs are more succinct
than OBDDs. ZSDDs shares a lot in common with SDDs; it
is based on the (X,Y)-partition of a Boolean function, and
partitions of variables are determined by a vtree. However,
ZSDDs differ in the kind of terminal ZSDDs and interpre-
tation of trimmed subgraphs. In the following, we regard a
ZSDD as a representation of a family of sets, instead of a
Boolean formula. This interpretation simplifies the explana-
tion ZSDDs.

Definition 2. ↵ is a ZSDD that respects vtree v iff:

• ↵ = " or ↵ = ?.

Semantics: h"i = {;} and h?i = ;
• ↵ = X or ↵ = ±X and v is a leaf with variable X .

Semantics: hXi = {{X}} and h±Xi = {{X}, ;}.

• ↵ = {(p1, s1), . . . , (pn, sn)}, v is internal, p1, . . . , pn are

ZSDDs that respect subtrees of v
l
, s1, . . . , sn are ZSDDs

that respect subtrees of v
r
, and hp1i, . . . , hpni is a parti-

tion.

Semantics: h↵i =
Sn

i=1hpii t hsii .

Table 1: Operations supported with ZSDDs.

Operation Description Definition
f \ g Intersection {a|a 2 f and a 2 g}
f [ g Union {a|a 2 f or a 2 g}
f � g Difference {a|a 2 f and a 62 g}

Change(f,X) Change {Change(a,X)|a 2 f}
f t g Orthogonal Join {a [ b|a 2 f and b 2 g}

We use terminal constant symbols " and ?. " is the con-
stant ZSDD that corresponds to family of sets {;}, it corre-
sponds to a Boolean function that returns 1 if all variables
are 0. ? is the same as in the SDD, and h?i = ; = false .
Operation [ is the union operation. Operation t is the join
operation. The join f t g of two families of sets, f and g,
is defined as f t g = {a [ b|a 2 f and b 2 g}. Fig-
ure 2(a), (b) shows examples of SDD and ZSDD, both repre-
sent sets family {{A,B}, {B}, {B,C}, {C,D}}, while re-
specting the same vtree shown in Fig. 1(a). We can see that
the size of the SDD is 16 and the size of ZSDD is 8.

Next we will introduce two canonical ZSDDs, namely
compressed and trimmed ZSDDs, and compressed, lightly-

trimmed and normalized ZSDDs. We then prove their canon-
icity.
Definition 3. We say a ZSDD is trimmed if a ZSDD

does not have decompositions of the form {(",↵), ("̄,?)},

{(↵, "), (↵̄,?)}, and {(p,?)}. We say a ZSDD is lightly-
trimmed if it does not have the decompositions of the form

{(", "), ("̄,?)} and {(p,?)}.

Definition 4. We say a ZSDD ↵ is normalized if for all de-

composition in ↵ respecting vtree node v, its primes respect

vtree node v
l

and subs respect vtree node v
r

These definitions of canonical forms are similar to that of
SDDs. The main difference is the trimming rule:ZSDDs re-
move a decision node if the corresponding Boolean function
returns true if all the variables in v

l or v
r are assigned to

0, while SDDs remove a decision node if the corresponding
Boolean function does not depends on the variables in sub-
trees vl or vr. This difference makes ZSDDs more effective
representation for families of sets.
Proposition 5. If ↵ and � are compressed and trimmed ZS-

DDs, then ↵ ⌘ � iff ↵ = �.

The proof is presented in the supplemental materials, and
it is similar to that for SDDs (Darwiche 2011), but differ-
ent in how to guarantee the uniqueness of the vtree node a
compressed and trimmed ZSDD respects.

Apply operations with ZSDDs
Like SDDs, ZSDDs support Apply operations, and can be
constructed in a bottom-up manner. We introduce operations
in Tab. 1. Combining these five operations, we can con-
struct ZSDDs that represents arbitrary family of sets. The
first three operations in the table corresponds to binary op-
erations over two Boolean functions. For example, the in-
tersection f \ g of two families of sets can be obtained by
applying Boolean operation ^ to the pair of Boolean formu-
las f , g. Therefore, these operations can be performed as the



Copyright©2021  NTT corp. All Rights Reserved.

ZSDDの特徴
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長所：
• ZDD（既存の決定グラフ）
よりも高圧縮

• ZDDと互換性がある

短所：
• ZDDよりも複雑
• 理解しにくい
• 実装が難しい

多くの課題で
性能UPが見込める

実用における
障壁
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ZSDD処理系実装までの経緯
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• ZSDDを考案したものの、プログラムは検証用に
作成したもののみ（C++）

• 広く使ってもらうためには機能が不足
• Pythonインタフェース
• 多様な補助的演算（数え上げ、ガーベージコレクション、など）
• C++による効率的な実装

自分たちだけで実装するのは困難
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実装をお願いしたいが…
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C++による実装
動的計画法等の理解

最新の論文を読んで
理解できる専門性

API設計
Python UI

アルゴリズム
の知識

使いやすい
UI

効率的な
実装
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アルゴリズム
の知識

使いやすい
UI

効率的な
実装

実装をお願いしたいが…

58

C++による実装
動的計画法等の理解

最新の論文を読んで
理解できる専門性

API設計
Python UI

NTTデータ
数理システム社
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NTTデータ数理システム社
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• 最先端アルゴリズムの実装をお願いできる貴重な会社

• 当初、ZSDDの実装をお願いできる会社があるとは
思っていなかった

• 論文とサンプル実装をお渡ししただけで、
中身を理解して、ZSDD処理ライブラリを実装いただけた
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NTTデータ数理システム社

60

• C++での効率的な実装、Python UIの設計などにも
幅広く対応

• 仕様や論文に怪しいところがあると正確に指摘

• 実装で悩むアルゴリズム研究者にお勧めしたい
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まとめ
• 決定グラフを用いた最先端の組合せアルゴリズムの紹介

• 膨大な組合せを圧縮することで組合せ爆発を乗り越える

• アルゴリズム実装の重要性とその困難さについて
• 研究成果を活用するために精度の高い実装が不可欠
• 最先端技術を活用するソフトウェアの開発は困難
• NTTデータ数理システム社は最先端アルゴリズムの実装に
必要な資質を備える、重要なパートナー


