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ཧ࠷దԽʢཧܭըʣ

min(imize)
x

f(x) · · · త

subject to x ∈ S · · · ݅
ͨͩ͠

f  x := (x1, ..., xd)ΛҾͱ͢Δؔ
S ม (x1, ..., xd)ͷ੍ݶΛද͢ू߹

S

f

x* x’

େԽ࠷ −f ͷ࠷খԽ
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ఆࣜԽͷྫʣൃిܭը

ిྗձࣾͰੴɼੴ༉֤ Λอ༗͍ͯ͠Δɽػͷൃిج1
धཁΛຬͨ͠ɼൃిίετ͕࠷খʹͳΔΑ͏ൃిྔʦMWhʧΛܾΊ͍ͨ

ܾΊ͍ͨͷ ɿ x1ɿੴʹΑΔൃిྔɼ x2ɿੴ༉ʹΑΔൃిྔ

ఆࣜԽ ɿ min
x1,x2

46x1 + 135x2 ←ൃిίετ
sub.to x1 + x2 ≥ 1000, ←धཁྔ

150 ≤ x1 ≤ 600 ←ੴͷൃి্Լݶ
0 ≤ x2 ←ੴ༉ͷൃి্Լݶ

x1

x2

150 600

400
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の等高線
:



ཧ࠷దԽʢཧܭըʣιϧόʔ

Numerical Optimizer ... LP, MILP, SDP, NLP, meta-heuristicsɼetc.

Gurobi ... LP, SOCP, MILP, MISOCP

IBM CPLEX ... LP, SOCP, MILP, MISOCP, CP, etc.

FICO Xpress-MP ... LP, SOCP, MILP, MISOCP, NLP, MINLP, CP, etc.

· · ·
—————————

MATLAB Optimization Toolbox ... LP, MIP, QP, NLP, etc.

Excelιϧόʔ ... LP (simplex), NLP, GA, etc.

· · ·
—————————

SCIP ... LP, SOCP, MILP, MISOCP

LPsolve ... LP, MIP

GLPK ... LP, MIP

· · ·
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ιϧόʔΛ͏ʹࣜΛ༻͍ͨఆࣜԽ͕େ

max
xA,xB

18xA + 11xB

sub.to xA + xB ≤ 40,
2xA ≤ 50,
xB ≤ 25,
xA, xB ≥ 0

∵ ଟ͘ͷϞσϦϯάޠݴͰతʹఆࣜԽΛ༩͑Δ

SIMPLEʢNTT σʔλཧγεςϜʣ

Variable xA, xB;
Objective f(type=maximize);
f=18*xA+11*xB;
xA+xB<=40;
2*xA<=50;
xB<=25;
xA>=0;
xB>=0;

LPSolveʢϑϦʔʣ

max: 18 xA+11 xB;
xA+xB <= 40;
2 xA <= 50;
xB <= 25;

OPLʢIBM ILOGʣ

dvar float+ xA;
dvar float+ xB;
maximize 18*xA+11*xB;
subject to {
xA+xB<=40;
2*xA<=50;
xB<=25;
}
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ಈػ

దԽͷύϥϝʔλͷଟ͘σʔλ࠷ʹ͓͚Δ࣮ݱ

ʦܝ࠶ʧൃిܭըͷྫ! "
খԽ࠷
x1,x2

46 x1 + 135 x2 ←ίετ

ɹ݅ x1 + x2 ≥ 1000 , ←धཁྔ
150 ≤ x1 ≤ 600 ←ੴͷൃి্Լݶ
0 ≤ x2 ←ੴ༉ͷൃి্Լݶ# $

ʮ࠷దԽʯ༩͑ΒΕͨσʔλʹରͯ͠ʮ࠷దʯʢΛ͢ࢦʣ

σʔλ͕ʢগ͠ͰʣมԽ͢Δ߹ʹ࠷దੑอূͰ͖ͳ͍

ಛʹෆ࣮֬ੑΛؚΉ߹ʹෆ࣮֬ੑͷϞσϧʹର͢Δཧղʢͱͦͷ݁ؼʹ
ର͢Δ֮ޛʣ͕ඞཁ
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Ben-Tal, Nemirovski (2000)ʹΑΔಈػ

ͦ͏͍ͬͨσʔλͷଟ͘ “ृ͍ (ugly)”
ྫ NETLIBͷ LPͷςετूͷதͷྫ PILOT4ʢ1000มɼ410੍ʣ
ͷ 372൪ͷ੍ɿ

a!x ≡ −15.79081 x826 − 8.598819x827 − 1.88789x828 − 1.362417x829

− 1.526049x830 − 0.031883x849 − 28.725555x850 − 10.792065x851

− 0.19004x852 − 2.757176x853 − 12.290832x854 + 717.562256x855

− 0.057865x856 − 3.785417x857 − 78.30661x858 − 122.163055x859

− 6.46609x860 − 0.48371x861 − 0.615264x862 − 1.353783x863

− 84.644257x864 − 122.459045x865 − 43.15593x866 − 1.712592x870

− 0.401597x871 +x880 − 0.946049x898 − 0.946049x916

≥b ≡ 23.387405

!CPLEXʹΑΔ࠷దղͷҰ෦ɿ

x∗
826 = 255.6112787181108, x∗

827 = 6240.488912232100,
x∗
828 = 3624.613324098961, x∗

829 = 18.20205065283259,
x∗
849 = 174397.0389573037, x∗

870 = 14250.00176680900,
x∗
871 = 25910.00731692178, x∗

880 = 104958.3199274139

!੍ࣜ͠ͷ͕ͦΕͧΕ 0.1%ͣͭͣΕΔͱ੍ࣜͷҧӈลͷ 450%ʂ
9 / 28



ϩόετ࠷దԽʢSoyster,’73ʣ

େԽ࠷
x≥0

c"x

ɹ݅
d∑

j=1
aj
ਪఆ

xj ≤ b

x�

x�

a1, ..., ad ਖ਼͘͠ͳ͍͔͠Εͳ͍ ෆՄ͔ߦ࣮ʹ࣮ݱదղ͕࠷!

ͦ͜Ͱ δ|aj | ͿΕ࣮ͯߦՄͳΑ͏ʹ݅Λมߋɿ

aj ! [ aj − δ|aj |
ਖ਼ఆ

, aj + δ|aj | ]

d∑
j=1

ãj wj ≤ b, ∀ ãj ∈ [ aj − δ|aj | , aj + δ|aj | ]
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దԽ࠷ͷظ

min
x

EP[f(x,Y)]

f : ίετؔ

x : ܾఆมʢϕΫτϧʣ

Y : ֬มʢϕΫτϧʣ

P : ֬

ʲʳ min
x

EP[f(x,Y)] = −max
x

EP[−f(x,Y)] ! −fɿใुؔ
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ྫʣ৽ฉചΓࢠ

୯Ձ cͰೖΕɼചΕΕ r͚ͩɼചΕͳ͚Ε q͚ͩͬͯ͘Δ

f(x, Y ) = cx− rmin{x, Y }︸ ︷︷ ︸
ച্

− qmax{x− Y, 0}︸ ︷︷ ︸
༨Ձ

+ smax{Y − x, 0}︸ ︷︷ ︸
༺ձඅػ

ͨͩ͠ 0 ≤ q < c < r, s ≥ 0

f : ෛͷརӹ
x : ೖΕʢx ≥ 0ʣ
Y : धཁ
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ྫʣϙʔτϑΥϦΦબ

f(x,R) := exp(−R"x)

f : ෛͷࢦޮܕ༻
x ∈ Rd : ϙʔτϑΥϦΦʢࢿൺʣϕΫτϧ

!੍͖ʢe.g., 1"x = 1.x ≥ 0ʣ
R ∈ Rd : ऩӹ

企業A 企業B 企業C 企業D

いくらずつ投資したら良いか？

収益率

xA xB xC xD

RA RB RC RD

投資家の期待効用
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ྫʣϩδεςΟοΫճؼ

f((x, x0), (b, a)) := ln
(
1 + exp(−b(x"a+ x0))

)

fɿෛͷରͷ 1ඪຊ
(x, x0) ∈ Rd+1ɿઢܗϞσϧͷϕΫτϧͱย߲
a ∈ Rdɼb ∈ {±1}ɿઢܗϞσϧͷઆ໌มͱόΠφϦΫϥεϥϕϧ
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ඪຊฏࣅۙۉʢSAAʣ͔Βతϩόετ࠷దԽ

min
x

EP[f(x,Y)]

͠͠ P = ݧܦ Pn Ͱ༻

֬ 1
n

1
n . . . 1

n

औΓ͏Δ Y1 Y2 . . . Yn

ඪຊฏࣅۙۉʢSample Average Approximation: SAAʣ! "
max

x

{
EPn

[
f(x,Y)

]
:= 1

n

n∑
i=1

f(x,Yi)
}

# $
͔͠͠ SAAʢͷղ xn(0)ʣͷੑޙࣄࣄલ͔ΒͷྼԽ͕ஶ͍͠Մੑ

∵ ݧܦ Pn '=ਅͷ֬Ϟσϧ
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ඪຊฏࣅۙۉʢSAAʣ͔Βతϩόετ࠷దԽ

min
x

EPn [f(x,Y)]

Δͱʁ͑ߟѱͷέʔεΛ࠷

min
x

max
Q∈Q

EQ[f(x,Y)]

x = x1 ͷͱ͖ͷ f ͷ

x = x2 ͷͱ͖ͷ f ͷ

! x2 ͷํ͕ x1 ΑΓ·͍͠ 15 / 28



ඪຊฏࣅۙۉʢSAAʣ͔Βతϩόετ࠷దԽ

min
x

EPn [f(x,Y)]

తϩόετ࠷దԽʢDistributionally Robust Optimization: DROʣ! "
min
x

max
Q∈Q

EQ[f(x,Y)]

# $
Q : ෆ࣮֬ੑू߹ ʢತू߹ʹݶఆͯ͠ OKʣ

! Q = Q(ε) : େ͖͞ͷύϥϝʔλ ε ≥ 0ʹґଘʀQ(0) = {Pn}

1
1

1
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KLμΠόʔδΣϯεʹͮ͘جෆ࣮֬ੑू߹

Kullback-Leibler (KL) μΠόʔδΣϯεʹͮ͘جෆ࣮֬ੑू߹! "
Q(ε) =

{
q ∈ Rn : 1"q = 1, q ≥ 0,

n∑
i=1

qi ln
qi
pi
≤ ε

}

# $
͜ͷͱ͖

max
Q∈Q

EQ[f ] = max.
q

f"q

sub.to
n∑

i=1
qi ln

qi
pi
≤ ε, ← λ ≥ 0

1"q = 1, ← η
(qi > 0, i = 1, ..., n)

ରੑΛ͏ͱ

max
Q∈Q

EQ[f ] = min
λ>0,η

{
ελ+ η + λ

n∑

i=1

pi exp
(fi − η

λ
− 1

)}

≈ EPn [f ] +
√
2εVPn [f ] + o(

√
ε)
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KLμΠόʔδΣϯεʹͮ͘ج DRO

min
x

max
Q∈Q(ε)

EQ[f(x,Y)] = min
x,λ>0,η

{
ελ+ η + λ

n∑

i=1

pi exp
(f(x,Yi)− η

λ
− 1

)}

৽ฉചΓࢠͷ DRO

min
λ>0,η,x,f

ελ+ η + λ
n∑

i=1
pi exp

( fi−η
λ − 1

)

sub.to fi ≥ cx− rYi, fi ≥ (c− r)x, i = 1, ..., n,
x ≥ 0, (λ > 0).

ϙʔτϑΥϦΦબͷ DRO

min
λ,η,x

ελ+ η + λ
n∑

i=1
pi exp

( exp(−R!x)−η
λ − 1

)

sub.to 1"x = 1, x ≥ 0, (λ > 0).

ϩδεςΟοΫճؼͷ DRO

min
λ,η,x,x0

ελ+ η + λ exp(− η
λ − 1)

n∑
i=1

pi
(
1 + exp

(
−bi(a"i x+ x0)

))

sub.to (λ > 0).
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RNUOPT༻ίʔυͰॻ͘ͱʢ৽ฉചΓࢠͷ DROͷྫʣ

min
λ>0,η,x,f

ελ+ η + λ
n∑

i=1
pi exp

( fi−η
λ − 1

)

sub.to fi ≥ cx− rYi, fi ≥ (c− r)x, (i = 1, ..., n)
x ≥ 0, (λ > 0)

nvKL <- function(DmndData,r,c,eps) {
Sample <- Set()
t <- Element(set=Sample)
Dmnd <- Parameter(index=t,DmndData)

x <- Variable()
lambda <- Variable()
eta <- Variable()
loss <- Variable(index=t)
s <- Expression(index=t)
s[t] ~ (loss[t]-eta)/lambda - 1

drokl <- Objective(type=minimize)
drokl ~ eps*lambda + eta + lambda * (Sum(exp(s[t]),t))/length(DmndData)

loss[t] >= c*x-r*Dmnd[t]
loss[t] >= (c-r)*x
x >= 0
lambda >= 0

} 18 / 28
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ύϥϝʔλ εͷνϡʔχϯά

(DRO(ε)) min
x,λ>0,η

{
ελ+ η + λ

n∑

i=1

pi exp
(f(x,Yi)− η

λ
− 1

)}

ε > 0Λݻఆͯ͠ (DRO(ε))Λιϧόʔʹ͛Εͦͷ࠷దղ xn(ε)ΛಘΔ

ͰͲͷ εʢͷ࠷దղʣΛ༻͍Δ͖͔ʁ

Δίετ͢ݱ࣮ EP[f(xn(ε),Y)]͕খ͘͞ͳΔΑ͏ʹʁ

ͦͦਅͷ P͕Θ͔Βͳ͍ʢखݩʹ͋Δͷ Pn ͷΈʣ

! ඪຊ๏Ͱ࠶ Pʢor Pn ʹର͢ΔײʣΛγϛϡϨʔτ͢Δ

ϒʔτετϥοϓ๏

֬ 1
4

1
4

1
4

1
4

औΓ͏Δ Y1 Y2 Y3 Y4
!






Y4 Y2 Y1 Y2 ! x(1)4 (ε)

Y1 Y4 Y4 Y2 ! x(2)4 (ε)

Y2 Y3 Y1 Y1 ! x(3)4 (ε)
...

...
...

...

Y2 Y3 Y2 Y2 ! x(B)
4 (ε)

͜ΕΛ εͷK ͷީิݸ ε1, ..., εK Γฦ͢܁͍ͯͭʹ ! K ×B ճͷ࠷దԽࢉܭ
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RnuoptͰϒʔτετϥοϓ

N<-nrow(xdata)

for (itr in 1:B) {
bs.idx<-sample(1:N,N,replace=TRUE)
x<-xdata[bs.idx,]
y<-ydata[bs.idx]
rownames(x) <- c(1:N)

for (delta in delta.set){

sys<-System(rob_logreg,x,y,delta)
sol<-solve(sys,trace=F)

w0opt<-as.array(current(sys,w0))
wopt<-as.array(current(sys,w))
wopt<-wopt[names(xdata)]

}
}

21 / 28
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ϒʔτετϥοϓͷฏͮ͘جʹۉ δͷબ

0 0.2 0.4 0.6 0.8 1
-0.156

-0.154

-0.152

-0.15

-0.148

-0.146

-0.144

-0.142

-0.14

-0.138

0 20 40 60 80 100
-0.986

-0.984

-0.982

-0.98

-0.978

-0.976

-0.974

(i) ϩδεςΟοΫճؼͷ DRO ͷྫ (ii) ϙʔτϑΥϦΦબͷྫ

ҙɿॎ͕࣠ −E[f ]ɼͭ·Γʮେ͖͍΄Ͳྑ͍ʯʹͳ͍ͬͯ·͢
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対数尤度 
= -fの平均

期待効用 
= -fの平均

δ δ

SAA

SAA



DROͷޙࣄύϑΥʔϚϯεͷੳ (Gotoh, Kim, Lim, 2021+)

xn(δ) := argmin
x

max
Q

{
EQ [f(x,Y)]− 1

δ
KL(Q|Pn)

}

︸ ︷︷ ︸
≈ EPn [f(x,Y)]+δVPn [f(x,Y)]+o(δ)

cf. min
x

max
Q

{
EQ [f(x,Y)]

∣∣∣ KL(Q|Pn) ≤ ε
}

≈ min
x

EPn [f(x,Y)] +
√
2ε
√
VPn [f(x,Y)] + o(

√
ε)

લͷࣄ (In-sample problem):

Y1, · · · , Yn ∼ P: ಠཱʹಉҰͳ P͔ΒಘΒΕͨ nඪຊ

!

{
xn(0) ≡ SAA
xn(δ) ≡ DRO for δ > 0

ύϑΥʔϚϯεޙࣄ (Out-of-sample performance):

Yn+1 ∼ P: Y1, · · · , Yn ͱಠཱʹ Pͷ৽͍͠ඪຊ

!

{
f(xn(0),Yn+1) : SAAͷޙࣄίετ
f(xn(δ),Yn+1) : DROͷޙࣄίετ for δ > 0

23 / 28
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分散
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ϩόετฏۉɾࢄϑϩϯςΟΞ
{(

EP[f(xn(δ),Yn+1)],VP[f(xn(δ), Yn+1)]
)
: δ ≥ 0

}

δ͕খ͍͞ +f ͕ xʹ͍ͭͯٛڱತͷͱ͖

:తࢧগޮՌ͕ݮͷࢄޙࣄ O(δ)
ͦͷτϨʔυΦϑͱͯ͠ͷظޙࣄίετͷ૿Ճখ͍͞: O(δ2)
ίετͷظޙࣄ SAA͔Βͷվળ: ʢ͋ͬͨͱͯ͠ʣO(δ/n)

0.1 0.15 0.2 0.25
-0.156

-0.154

-0.152

-0.15

-0.148

-0.146

-0.144

-0.142

-0.14

-0.138

0 0.002 0.004 0.006 0.008 0.01
-0.986

-0.984

-0.982

-0.98

-0.978

-0.976

-0.974

(i) ϩδεςΟοΫճؼͷ DRO ͷྫ (ii) ϙʔτϑΥϦΦબͷྫ

ҙɿॎ͕࣠ −E[f ] ʹͳ͍ͬͯ·͢
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- fの平均 -fの平均

fの分散 fの分散

r

SAA SAA



DROʹ͓͍ͯΒ͖ͭΛ͑Δࢹ͕ॏཁ

ϙʔτϑΥϦΦબͷྫ

0 20 40 60 80 100
-0.986

-0.984

-0.982

-0.98

-0.978

-0.976

-0.974

0 0.002 0.004 0.006 0.008 0.01
-0.986

-0.984

-0.982

-0.98

-0.978

-0.976

-0.974

(i) ฏۉͷΈʹணͨ͠߹ (ii) ฏۉɾࢄʹணͨ͠߹
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fの分散

期待効用 
= -fの平均

期待効用 
= -fの平均

δ

SAA SAA



DROʹ͓͍ͯΒ͖ͭΛ͑Δࢹ͕ॏཁ

ϩδεςΟοΫճؼͷྫ

0 0.2 0.4 0.6 0.8 1
-0.156

-0.154

-0.152

-0.15

-0.148

-0.146

-0.144

-0.142

-0.14

-0.138

0.1 0.15 0.2 0.25
-0.156

-0.154

-0.152

-0.15

-0.148

-0.146

-0.144

-0.142

-0.14

-0.138

(i) ฏۉͷΈʹணͨ͠߹ (ii) ฏۉɾࢄʹணͨ͠߹
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δ

fの分散

対数尤度 
= -fの平均

対数尤度 
= -fの平均

SAASAA



·ͱΊ

DROʹ͓͍ͯʹର͢Δෆ࣮֬ੑʹରॲ͢ΔͨΊ࠷ѱͷʹͮ͘͜ج
ͱͷҙຯ

≈ ίετ fʢor ใुʣͷ͕ΓΛ͑Δ

ͨͱ͑ɼෆ࣮֬ੑͷαΠζύϥϝʔλ ε/δ͕খ͍͞ͱ͖ɼ

KLμΠόʔδΣϯε↔Β͖ͭඪ४ภࠩ/ࢄ

˞ ҟͳΔμΠόʔδΣϯεෆ࣮֬ੑू߹ʹରͯ͠ҟͳΔΒ͖ͭͷई (Gotoh, Kim,

Lim, 2020, arXiv)

গͤ͞ΔޮՌͷํ͕ݮΛվળͤ͞ΔޮՌΑΓɼΒ͖ͭΛۉతʹฏޙࣄ
େ͖͍ʢϖφϧςΟʔ൛ͷੳʣ

దԽ࠷ͷܕಈۦඪຊ๏ͳͲͱΈ߹Θͤͨσʔλ࠶

! RͳͲͷ֤छσʔλղੳύοέʔδ/ϥΠϒϥϦͱιϧόʔΛΈ߹Θͤͨ
ར༻๏͕༗ޮ

Based on

Gotoh, Kim, Lim, Calibration of Distributionally Robust Empirical
Optimization Models, to appear in Operations Research, 2021+
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