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Abstract

In this paper, error bounds for nonlinear semidefinite optimization problem is
considered. We assume the second order sufficient condition, the strict complemen-
tarity condition and the MFCQ condition at the KKT point. The nondegeneracy
condition is not assumed in this paper. Therefore the Jacobian operator of the
equality part of the KKT conditions is not assumed to be invertible. We derive
lower bounds for the primal and dual distances to the solution set when the primal
variable is close to the solution set. Then a global error bound of the dual distance
to the solution set is obtained assuming the MFCQ condition and the strict com-
plementarity condition. An error bound for the primal variable is given when the
primal-dual pair is close to the solution set, and approximately satisfies the shifted
complementarity condition along with the MFCQ condition and the second order
sufficient condition. Finally we gather these results and obtain the upper and lower
local error bounds for the primal-dual pair.

Keywords Nonlinear semidefinite optimization Error bound Eigenvalues

1 Introduction

In this paper, we consider the error bounds for the following nonlinear semidefinite opti-
mization problem:
minimize  f(x), x € R, (1)
subject to  X(z) = 0

where the functions f : R* — R and X : R" — S? are sufficiently smooth, and S?
denotes the set of pth-order real symmetric matrices. We also define S% to denote the set
of pth-order symmetric positive semidefinite matrices. By X(z) = 0 and X (z) > 0, we
mean that the matrix X (x) is positive semidefinite and positive definite, respectively.
Error bounds in mathematical programming play important roles in the sensitivity
analysis of optimal solutions and the convergence analysis of iterative methods. Since the
seminal paper by Hoffman [5] in 1952 which gives a global error bound of the distance to
the polyhedral convex set, extensive researches have been done. For example, his result
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is extended to the global error bound for the set defined by the infinite number of linear
inequalities by Hu and Wang [6]. Various developments around extension to set defined
by the convex system are summarized in Lewis and Pang [11], and Pang [12].

On the other hand, for the ordinary nonlinear optimization problems, the local error
bound of the primal-dual distance to the solution set is obtained by Wright [18], and Hager
and Gowda [4]. They derive perturbed problems, and show the current primal-dual pair
satisfy the perturbed KKT conditions. Then it is possible to apply the classical works by
Robinson [14, 15] to obtain local error bounds.

There are several researches on the error bounds of the distance to the semidefinite
constraint set ([3],[1],[7]). However as far as the author aware, there are few researches
on the error bound of the distance to the solution set itself. An exception is the work by
Bonnans, Cominetti and Shapiro [2] which deals with the sensitivity analysis of nonlinear
SDPs.

In this paper, the second order sufficient condition, the MFCQ condition and the
strict complementarity condition are assumed for the proof of some error bounds. We will
not assume the nondegeneracy condition in this paper. If we assume the nondegeneracy
condition along with these conditions, it can be proved that the Jacobian operator of the
equalities of the KKT conditions is left invertible [19]. Thus in this case, the estimate of
error bounds becomes a rather trivial task.

Assuming the MFCQ condition and the strict complementarity condition, we will show
that it is possible to prove the global error bound of the dual distance to the solution set
by using the result of Lewis and Pang [11] on the error bound for the set defined by the
convex system. Also we will show that, as in the ordinary NLPs described above, it is
possible to derive the perturbed KKT conditions by using the eigenvalues of the relevant
matrices. Then using the result by Hager and Gowda [4], we obtain the local error
bound for the primal variables when the MFCQ condition and the second order sufficient
condition are satisfied at the solution, and the primal-dual pair approximately satisfies
the shifted complementarity condition. In the final section we summarize our results by
gathering these bounds to obtain the lower and upper bounds for the primal-dual pair.

Throughout this paper, we assume that the functions f and X are twice continuously
differentiable. We define the Lagrangian function of problem (1) by

L(z, 2) = f(z) = (X(2),2),

where Z € SP is the Lagrange multiplier matrix (dual variable matrix) for the positive
semidefiniteness constraint, and (X (z), Z) = tr(X(z)Z). Define the matrices

0X(x
Ai(z) = 8—@1)
for i = 1,...,n. Then the Karush-Kuhn-Tucker (KKT) conditions for optimality of
problem (1) are given by the following (see [16]):
V.L(x,Z) = 0, (2)
(X(x),Z)y = 0, X(x)=0,Z = 0. (3)
Here V,L(z, Z) is the gradient vector of the Lagrangian function given by

Vol(z,2) =V f(z) - A"(x)Z,
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where A*(z) is the operator such that for Z,

A (2)Z = V, (X (2), Z) = :
(An(2), Z)

For a given X € SP, \;(X),i = 1,...,p denote the eigenvalues of X in nonincreasing
order. Similarly, for a given Z € SP, ¢;(Z),i = 1,...,p denote the eigenvalues of Z in
nondecreasing order. From the Von Neumann-Theobald inequality

t(XZ) > )" M(X)ei(2), (4)

where the equality holds if and only if X and Z are simultaneously diagonalized, we note
that the complementarity condition (3) can be written as

X(2)Z =0, X(z) = 0,Z =0, (5)

or

Ai(X(2)pi(Z2) = 0, \i(X(2)) 2 0,0:i(Z) 20, i =1,....p. (6)

Also note that condition (6) can be written as
min (A\(X (2)), ¢(2)) = 0, (7)

where min (A(X (z)), ¢(Z)) = (min (A (X (), ¢1(Z)) , ..., min (A, (X (2)), ©,(Z)))" € R”.
It is known that there holds the Hoffman-Wielandt inequality for real symmetric ma-
trices X, X', Z an Z":

IACX) = A < IX = X 10(2) = (20 < 112 = 2], (8)

i.e., A and ¢ are Lipschitzian with the above specified ordering. We use the /5 norm for
vectors, and the Frobenius norm for matrices in this paper.
In the following discussions, it is convenient to write the above optimality conditions

) ("% ) e (win ) ©
where N(Z) is the set defined by

N(Z) = {MeSPIM~=0and MZ =0} if Z >0,
B 0 otherwise.

Using the eigenvalue vectors \(X(z)) € R? and ¢(Z) € RP, the condition X (z) € N(Z)
implies

A(X(x)) € N'(¢(2))

where

otherwise.

N'(p(2)) = { {u€R|uz0 agd uTo(Z) =0} if p(Z) >0,
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A point z* € R™ is said to be a KKT point of problem (1) if there exists a Lagrange
multiplier matrix Z such that (z*, Z) satisfies the KKT conditions (9). Let A(z*) denote
the set of Lagrange multipliers such that (z*, Z), where Z € A(z*), satisfies the KKT
conditions.

The Mangasarian-Fromovitz constraint qualification (MFCQ) condition holds at a
feasible point x if there exists a vector d € R" such that

X(z)+ i d;Ai(x) = 0. (10)

It can be shown that, if the MFCQ condition holds at a KKT point x*, then the set A(x*)
is bounded.
The set C(z*), the critical cone at z*, is defined by

o) = {h e

> hidi(z*) € Ty (X(2%)), Vf(2*)Th=0 } ,

=1

where Tgr (X (2*) is the tangent cone of S% at X(z*). Then the second order sufficient
condition for local optimality of * under the MFCQ condition is given by

sup WT(V2L(z*,Z) + H(z*, Z))h > 0, for all h € C(z*)\{0}. (11)
ZeN(z*)

Here H(z, Z) is a matrix whose (i, ) element is given by
(H(z,2))ij = 2tr(Ai(0)X (2)"4;(2) 2)

and T denotes the Moore-Penrose generalized inverse.
It is said that a quadratic growth condition holds at a feasible point z* of problem (1)
if there exists ¢ > 0 such that the following inequality holds

fla) = f(a") +cllz — 27| (12)

for any feasible point x in a neighborhood of z*. The quadratic growth condition implies
that z* is a strict local optimal solution (an isolated local optimal solution) of problem
(1). If the MFCQ condition holds, then the quadratic growth condition holds if and only
if the second order sufficient condition (11) is satisfied.

We will use the following block partition of matrices X (z) and Z,

o (30 we) (2 7). o

where X (z*) is diagonalized to

X(z%) = ( B ) Xp -0, (14)
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if necessary. If Z € A(z*), the conditions X (z*)Z = 0 and Z > 0 yield

0 O

in this representation.
The strict complementarity condition holds at z* if there exists Z* € A(z*) such that

rank(X (z*)) + rank(Z*) =

In the above representation (15), the strict complementarity implies Zy > 0.
Let x € R™ and Z € S” be given, and define Z € S% as a projection of Z onto A(z*),

i.e.,

12 - Z|| =inf{||Z = Z'|| | Z' € A(z")}. (16)
As described above, we will be concerned with the estimation of the upper and lower
bounds of the quantities dist(z,2*) = ||z — z*|| and dist(Z,A(z*)) = ||Z — Z||, or

dist((z, Z), (z*, A(z*))) = ||& — 2*|| + ||Z — Z|| under various assumptions. Instead of
using positive constants (31, Bs, ... in the following proofs, we will use a generic positive
constant 3 that may have different values in different places.

2 Lower bounds

We first consider the lower bounds of dist(x, z*), dist(Z, A(z*)) and dist((x, Z), (z*, A(z*)))
that are not difficult to estimate.

Theorem 1 There exist a neighborhood N, of x* and a constant v > 0 with the property
that for every x € N, and Z € SP, we have

vV IVaL(z, 2)|| < (1+ | Z]|)dist (2, %) + dist(Z, A(2")),
v X (2)Z]| < dist(z, ) || Z|| + dist(Z, A(z¥)),
and further for every v € N, and Z € S%, we have
v min(A(X (2)), 9(2))|| < dist((2, Z), (2", A(z"))).
Proof. LetN be sufficiently small, and thus x be sufficiently close to z*. Since V f(z*) —
A*(z*)Z = 0, we have
IVf@) - A@)Z] = (Vi) - A'@)2) - (Tf") —A*(x*)Z)H
= [[(Vf(z) - A( )Z) (Vf(z ) (x*)Z)
(V@) = A@)2) + (V) - A'(a)2)|
I(Vf(z) — A (z)Z ) (Vf(z ) ( Al
#[= (716 - #@)2) + (V1) - Ae)2)|
BA+2Z1) [l — =" + HZ—ZH),

IN

IN



3 GLOBAL ERROR BOUND FOR DUAL VARIABLE 6

for sufficiently large 5. Similarly we obtain
IX(@)Z]| = (X (2) = X (@) Z + X(2*)(Z = Z)|| < B(|x = «*|[ 1 Z]| + |1 Z = Z]))-

Next we prove the third lower bound that uses eigenvalues. If min(\;(X (x)), p;(Z2)) =

A

vi(Z) and ¢;(Z) = 0, we have
(X (@), #(2)| = [ 2)] = [ou(2) — (2| < 12 - 21,

The last inequality is due to the Hoffman-Wielandt theorem (8). If ¢;(Z) > 0, then
Ai(X(z*)) =0, and we have

jmin(X;(X(x)), ¢i(2))] Ai(X (2))] = [Mi(X (2)) — Mi(X (7))l

<

< [ X(z) = X(@)] < Bz — 2.

Similarly if min(\(X (2)), 2i(Z2)) = Mi(X(2)) and \(X (z*)) = 0, we obtain
imin(Ai(X(2)), 9i(2))| = [M(X (2))] < Bz — 27| .

If X;(X(2*)) > 0, we have \;(X(x)) > 0 for sufficiently small N, and ¢;(Z) = 0. Then
we obtain A
jmin(Ai (X (2)), pi(2))| < lpi(2) < |12 = Z].

Thus these bounds for each i =1, ..., p yield
[min(A(X (), o(2)|| < B(llz — =*|| + |12 — Z])).

This completes the proof. O

This theorem also shows that if the right hand sides of the above inequalities are small,
then the quantities on the left hand sides of the above inequalities are also small. This
fact will be used for estimating the upper bounds in the following.

3 Global error bound for dual variable

In this section we consider an upper bound of the quantity [|Z — Z|| when Z € SP is given,
where the point Z € A(z*) is the projection of Z onto A(z*), and defined as follows:

1Z—Z|| =inf{||Z — Z'|||Z' € S'.,Vf(z") — A"(2)Z = 0,X(z")Z' =0}.  (17)

With the representation (14), we have

. 0 0 .
— . Zn = 0.
(0 ZN)’ v =0

Zs Zen Y (0 ON|° |/ Zs Zan
72T Iy oz ) TI\ZL, o

Since

2
+ 1 Zn — Ziy|?
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the definition of the distance in (17) implies

> Zp ZpN
— <
2o < (%)

Z;
(18)
where p' = p — rank(X (z*)), and
X
Ani(z) = 0 ajifx),i =1,..,n.
In order to estimate the distance from Zy € S” to the convex set defined by
M) = {2z 87|23 20,205 a2z =0 =1nf, 9

in the proof of Lemma 1, we make use of the result of Lewis and Pang [11] which gives
the global error bound of the distance to a set defined by a convex inequality system.

Lemma 1 Assume that the MFCQ condition and the strict complementarity condition
hold at x*. Then there exists a constant v > 0 such that, for every Zy € S¥',
= 1,...,n},

Of (z")
(20)

dist(Zn, Ax(z*)) < 7max{|min{0,90min(ZN)}|, — (Ani(z"), ZN)

8:131-

where omin(Zn) is the smallest eigenvalue of Zy.

Proof. Let us consider ¢n,(-) as a function of p'(p’ + 1)/2 independent elements of
the matrix Z),. The convex set defined by Z) > 0 is equivalent to the set defined by
Omin(Z5) > 0 where @i : RP®+D) — R. We note that —gu, is a closed proper convex
function.

Then it is possible to utilize the result of Corollary 2 of Lewis and Pang [11]. The
convex set C in Corollary 2 corresponds to the set defined by the equality conditions in the
definition of Ax(x*), and the convex set defined by the inequality f(z) < 0 in Corollary
2 corresponds to0 @min(Z%) > 0. By the strict complementarity condition, there exists a
point Zx > 0 (pmin(Z%) > 0) that satisfies

Of(z”)
8l‘i

- <ANZ(JI*), Z;[> = O,Z = 1, ceey I

This shows the interiority condition assumed in Corollary 2 is satisfied. By the MFCQ
condition, the set Ay(z*) is bounded. This implies the statement in Corollary 2 (d) is
valid. Thus the statement of Corollary 2 (a) holds, and we have (20). O

We note that the above error estimate may also be proved using Corollary of Theorem
1 in Hu and Wang [6], if the equalities in (19) are converted to violated inequalities by
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appropriately changing the sign of each violated equality, and if the set punin(Zy) > 0 is
expressed by an infinite set of linear inequalities.

Since the above error bound is for the submatrix Zy, it is necessary to derive a bound
for the matrix Z which does not depend on the particular representation.

Theorem 2 Assume that the MFCQ condition and the strict complementarity condition
hold at z*. Then there exist a neighborhood N, of * and a constant v > 0 with the
property that for every x € N, and Z € SP, we have

dist(Z, A(z")) <y ([[VoLl(z, 2)| + |1 X Z]| + (1 + || Z]])dist(z, 27) + |min{0, pmin(Z)}]) ,
(21)
where min(Z) is the smallest eigenvalue of Z.

Proof. We need to estimate the value of each term in the right hand side of (18). Using
the representations (13) and (14), write X (z)Z as

X(z)Z = Xp(2)Zp + Xpn(2)Zpy  XpZpy + Xpn(2)ZN
XL (2)Z5 + Xn(2) 25y XLy(2)Zsy + Xn(2)Zy )

Since Xpy(x*) = 0, we have
[ X (@)[| = [ XN (2) = Xy (2)]] < Bz — 2™ (22)
Then from (22), we obtain

1 X (z)Z] | XB(z)ZpN + Xpn(2)ZN|| = ([ XB(2) ZN || — | XBN(2) ZN ||

>
> HXB(x)_ln | Zsn|| — | Xen ()] | ZN]]
> || Xp(@) M 1 Zenll = Bl Znl 2 — 27| (23)

Since Xp(2*) > 0 and x is sufficiently close to z*, we have
A< [ Xp(@) | < 8. (24)
Inequalities (23) and (24) imply
1Zenll < BUIX (@) Z]] + [ Zn]] ||z = 27[))- (25)
Similarly, we have from (22) and (25),

| X(z)Z] | X5(z)Zs + Xpn(2) Zhy|| = 1 X6(2) Z5ll — || XN (2) Zhy ||

>
> || Xp() 126l - Blle — 2"l (IX (@) 2] + 125 ] |2 — ="]),

and then we obtain
.12
1Zs] < BUIX(2)Z]| + | Zn]| [z — ™). (26)

Estimates (25) and (26) yield

H( 7 ZgN)Héﬁ(llX(x)ZlHllszll lz = 2])). (27)

T
ZBN
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Next we consider the second term in the right hand side of (18). Its upper bound is
given by (20). Defining A% (z) by

* (An1(2), Zn)
P )
we have
A0z - a@z] = |aw( g2 %)

- (e (4 %)
< x|, %)l
< o(2 %)l

Therefore we obtain

94007 = Ay )25l = 1950~ A3t
(V@) ~ Ay ()2 — V) + A ) )]
< IVF@) ~ Ay(@) 2l + 80+ 1Zx]) o~ =]

= [Vf(z) - A(2)Z = (Ay(2) 2y — A%(2)2)|
+HO(L+[[2n ) [l = 7]

(

)

IN

1vr) - awz o (72 %)
00+ 1Zx) la — o). (28)

Finally, we consider the term |min{0, min(Zy)}| in (20). Let ymn € RP be the
normalized eigenvector of Zy corresponding to the eigenvalue @i, (Zy). Then we have

T
: 0 Zp Zpn ) ( 0 )
min Z) = min TZ <
4 ( ) yeRp:”?J”:ly Y ( Ymin > ( ZgN ZN Ymin

= yrj;inZNymin = (pmin(ZN)-
Therefore we obtain
’min {Ovspmln(Z)H > |m1n {0790min(ZN)}| : (29)

Then from (18), (20), (27), (28) and (29), we obtain (21). O
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4 Local error bound for primal variable

In this section, we consider the error bound of the primal variables. In the nonlinear
programming problems:

minimize  f(x), z € R",
subject to  g(x) > 0,

where g : R® — R™, given a primal dual pair (z,z) € R™ x R™ which is close to the
solution set, Wright [18], and Hager and Gowda [4] derive perturbed problems of the
above NLP problem, and show a pair (z,z) € R™ x R™ satisfies

(s ) (v ).

where Z is close to z, and v, € R™ and v € R™ are small in magnitude. Then they show it
is possible to obtain error bounds of the pair (z, z) using the works by Robinson [14, 15].
We will show that this kind of reasoning is also possible in our nonlinear SDP problems,
if we make use of the eigenvalues of X (z) and Z.

In the following we first consider the case when x € R™ and Z € SP satisfy

X(2)Z = ul,

for 4 > 0, where I € RP*P is an identity matrix. The above condition is known as
the shifted complementarity condition, and is the part of the barrier KKT conditions in
various interior point methods. We will show that if  and Z satisfy the above relation
among others, then it is possible to obtain a local error bound for the primal variable in
Lemma 3. The next lemma gives the formula for necessary derivatives which will be used
later.

Lemma 2 Let X(z) be analytic, and Z. € SP and p > 0 be given. Define the function
hz.: R* — R by

hz (@) = > MX@)ei(Z0).

If x. € R" and Z. € SP satisfy

X(x)Z, = pl, (30)

then hz_ (x) is analytic at x., and
hz(xe) = (X(xc), Ze), (31)
Vihz(ze) = Vi (X(2c), Ze) (32)

hold.

Proof. If condition (30) is satisfied at z., then we have A\;(X (z.))p:(Z:) = p,i=1,...,p
by simultaneously diagonalizing X (z.) and Z.. Therefore, relation (31) is obvious. In
order to prove (32), we use the result given in Theorem 3.1 of Tsing, Fang and Verriest
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[17] (see also Theorem 1.1 of Lewis [10]) for the derivative of a spectral function which
has a required symmetry.

It is known that if A\;(X(z)) is distinct from other eigenvalues, i.e., A\;_1(X(x)) >
Xi(X(2)) > Nip1(X(z)), then A\;(X(x)) is analytic at « (Fact 1.2 in [17]). If py_1(Z.) <

0i(Z.) = pps1(Ze) = .. = pin(Ze) < pini1(Z:), then hy () is symmetric with respect
to the indices {7, ...,i"}, i.e., hz (z) is invariant with the permutation between these
indices at any x. In this case, we have \y_1(X(z.)) > A\ (X (z.)) = ... = A\ (X () >

Ain11(X(x.)), and the symmetry with respect to the indices {7/, ...,i"} holds at x.. Then
from Theorem 2.1 of [17], the function hz, (z) is analytic at z..
Now it is possible to use formula (3.7) in [17] for the derivatives of hyz (z) at z.. We

have

Vaihz (x,) = p M T X( TAVED'e .
x!vZ. xc) - a)\ V xc 7 ngz c vx (xc)uu

i=1
where u; € RP,i = 1,...,p are orthonormal eigenvectors of X (z.) and Z. corresponding
to \i(X(z.)) and ¢;(Z.),i = 1,...,p respectively. Define U = (uy, ..., u,) € RP*P. Since
UTU = UUT = I, we have

p
Y el Zeuf Vo X (@ )uy ZuTv X (20 Zeuwi = (UTV, X (1), ZU) = Vo (X(2.), Z) -
i= i=1

This completes the proof. O

Next we consider the eigenvalues \;(X (z)),¢;(Z) ,i = 1,...,p when (z, Z) is close to
the solution set (z*, A(z*)). Assuming at least \;(X(x)) or ¢;(Z) is nonnegative for each
1t =1,...,p, we construct vectors v € R? and ¢ € RP, that satisfy

(MX (@) +v)T@ = 0, \(X(2)) +v > 0,5 >0, (33)

where [|v|| and ||¢ — ¢(Z)|| are small. To this end, for each ¢ = 1,...,p, we consider two
cases:

(i) If min(M\(X (), vi(Z2)) = @i(Z), we let

Ai(X (@) + v = \i(X(2)), v = 0,
— —min(\ (X (1)), ¢i(2) + ¢:(2) = 0 3
(ii) Otherwise, min(\;(X(x)), p:(Z)) = X\i(X(z)) holds, and we let
Xi(X () +v; = 0,v; = —min(\(X (), p:(2)),
@i = pi(2). (%)
Thus we have (33), and confirm that
AMX(z)+v € N'(), (36)
vil + 18 — @i(Z)| = |min(X(X(2)), 0:(2))] i =1,...,p. (37)

Remark. In the following proofs of lemmas and theorems, we define neighborhoods N
and N’ of (z*, A(z*)) in a usual sense. We say N is small when dist((z, Z), (z*, A(z*)))
is small for all (z, Z) € N'\(z*, A(z*)), and similarly for N 0
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Remark. We will estimate the quantity ||min(A(X(z)), o(Z))|| when XZ = ul is sat-
isfied. The fact A\ (X (x))pi(Z) = p implies min(\; (X (x)), v:(Z)) < p'/? in general, but
if all the solutions are known to satisfy the strict complementarity condition, we have
min(A (X (2)), ¢i(Z)) < Bu. Thus we will use the following relation

Imin(A(X (2)), o(Z))]| < Bu'?, (38)

where £ = 1 is always valid, and k = 2 can be valid if all the solutions in (z*, A(z*)) are
known to be strictly complementary. a

Lemma 3 Assume that X(z) is analytic, and that the second order sufficient condition
and the MFCQ condition hold at x*. Then there exist a neighborhood N of (z*, A(z*)),
and constants v > 0 and ji > 0 with the property that for each (x,Z) € N' and u € (0, fi]
such that

X(x)Z =pl, X(z)>=0,Z >0, (39)
holds, and
X(@) + Y (i —a))Ai(a") = e ||z —a*|| ] (40)
i=1
holds, where € > 0 is a given constant, we have
dist(z,2*) < 7 (| V. L(z, Z)|| + p*/?) . (41)
Proof. Let d € R" be .
r—x
d - —*,
[l — 2]

and write z as

r=a"+1td, t=|z—2a"
and denote f(z* + td) by f(t), and X (z* + td) by X(¢) for ¢ € R. Because X (t) de-
pends on one parameter t, it is known that there exist appropriately ordered eigenvalues
&(X(t)),i=1,...,p and corresponding orthonormal eigenvectors u;(t) € RP,;i = 1,...,p of
X (t) which are analytic ([13],[9],[8]). We understand that &(X (¢)),7 = 1, ..., p are ordered
so that &(X(¢)) = M(X(?)),i =1, ...,p.

Since z* is a KKT point of problem (1) that satisfies the second order sufficient con-
dition, t = 0 is an isolated local minimum of the following one-dimensional optimization
problem:

minimize  f(t), t e R, (42)
subject to  &(X(t)) >0, i=1,..,p.

Define vy, by
p

v = f'(8) =Y &EXE)es (43)

i=1
where @;,7 = 1, ..., p are defined in (34) and (35), f'(f) denotes the derivative of f(¢) with
respect to t at t = t, and similarly for &/(X(¢)),i = 1,...,p. From (36), (¢, p) satisfy the
KKT conditions of the problem:

minimize  f(t) — tvg, teR,

subject to  &(X(t))+v; >0, i=1,...,p, (1)
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where v;,7 = 1,...p are defined in (34) and (35), because the KKT conditions of (44) at

t=tis
PO - T2 X D)6 = v, (15)
X)) v e N(p).

If A\;(X (%)) is distinct from all other eigenvalues for some i, & (X (¢)) = \(X(¢)) in a
sufficiently small neighborhood of t. We have & (X (t)) = \;(X(t)),i # j in this neigh-
borhood only when A;(X (%)) = A;(X(f)), which implies gpi(Z) = ¢;(Z). Therefore we

have
Do N(X()ei(2) =D &(X(t

in a sufficiently small neighborhood of ¢. Thus Lemma 2 yields

Zf 0)ei(2) = (X'(D), 2)
Then we have

Z §(X (@) = (X'(1), Z) + Z(@ — ¢i(2))§(X (1)) (46)

From (43) and (46), we have

p

&) = (X'(0), 2) = Y (@i — 9l 2)E(X (D))

| (Vi) — A@)2)| + 51— o(2)]
IV f(x) — A" @) 2] + 86 —o(2)]].

Now from (37) and Theorem 1, we obtain

lvL|

<
<

ol +[loll < IV f(2) = A"(@) 2] + llvll + Blle — w(2)]
< Vf(x) = A%(2) Z|| + B [[min(A(X (2)), ¢(2))]] (47)
< pdist((z, 2), (27, A(z7))), (48)

and confirm that |vg| + ||v]| is small when N is small.

Next we prove that the KKT conditions of problem (42) is satisfied at ¢t = 0, and @ is
close to the corresponding dual solution set. We first consider the case when there exists
nonzero Z € A(z*). From assumption (40), we have

X(0) + £X'(0) = efl. (49)

Since the complementarity condition X (0)Z = X (z*)Z = 0 holds, we have

£1(0) = <X’(O), Z> — <(X(O) + EX’(O)),Z> . (50)
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Let Z = Q®QT, where an orthogonal matrix Q = (q1, .., qp) € RP*P diagonalizes Z to
¢ = diag(¢1, ..., p) = 0. Then we have

(XO)+EX0),2) = ((X(0)+X'(0),Q8Q") = (Q"(X(0) + TX'(0))Q, @)
= ZC];[(X(O) +tX'(0))qipi > EEZ Pis

from (49) and ® # 0. Thus from (50), we obtain

£(0) > eZ@. (51)

Next we note
EX (1) = ul ()X (ut)i = 1, .,

which can be proved by using the relations
&(X (1) = ui (X (Wua(t), (ui (Hui(t)) =0,i=1,...,p.
Then, from (49), we have
&(X(0)) +EEUX(0) 2 i = 1, .op. (52)

This inequality yields
&(X(0) > e, (53)

7

for i € Iy = {i]&(X(0)) =0,i=1,...,p}. From (51) and (53), it is apparent that there
exists ¢ € R? such that

710) = Y X8 = 0, (54)
CE(X(O0)6: = 0,&(X(0) > 0,6, > 0,i=1,...p. (55)

Let A; be the set of dual variables that satisfy the above KKT conditions for problem
(42). The MFCQ condition holds at ¢ = 0 from (52). Also there exists ¢ € Ay such that
¢; > 0 for all © € Iy, and therefore the strict complementarity condition is satisfied.

In order to estimate the distance between ¢ and A, we can apply the result of Hoffman
[5] which states the global error bound for the distance to the boundary of the polyhedron
defined by a linear system of inequalities, or Theorem 2 of this paper. Here we follow
Hoffman’s result. Thus the distance from ¢ to A; is estimated by

We note that the constant (3 is uniformly bounded when x varies near x* because the coef-
ficients f'(0) and &/(X(0)),7 = 1, ..., p are uniformly bounded, and f’(0) and &/(X(0)),i €

dist(p, A1) < ( +

£1(0) - Zfé(X(O))@

Z £i(X(0))p:
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Iy # 0 are bounded away from zero. Noting that |f'(t) — f/(0)| < St and |€/(t) — £.(0)] <
Bt,i =1,....,p, we obtain
+ t)

where the last inequality is derived from (48). We conclude that ¢ is close to A; when
there exists 0 # Z € A(z*) and N’ is small.

The fact f/(0) > 0 implies 0 ¢ A;. The second order sufficient condition is trivially
holds for every element of A; because the condition &/(X(0))h = 0, for ¢ such that ¢; > 0
gives h = 0, and thus we have h(f"(0) — Y7 /(X (0))¢;)h > oh? o > 0.

If A(z*) = {0}, then V f(z*) =0, and f/'(0) = 0. This implies 0 € A;. If Z is close to
A(z*) = {0}, then ¢ and ¢ is close to 0 € A;. Because the quadratic growth condition
holds, we have f”(0) > 0, and thus the second order sufficient condition holds for 0 € A;.

Now it is possible to apply Lemma 2 of Hager and Gowda [4], because the KKT
conditions (54) and (55) are satisfied at ¢ = 0, the second order sufficient condition holds
at t = 0 as above, (t, ) is close to (0,A1) as above, and perturbed KKT condition (45)
holds with small perturbations vy, and v. Then from Lemma 2 of Hager and Gowda [4],
(47) and (38), we obtain

dist(z,2") = 1< dist((t,9),(0,A1)) < B(jvr| + [[o]])
< BUIVSf(@) = A @) Z] + 1)

dist(g, A1) < g ( f'(t) — Zf{(X Zfz (1))@

= B(lvrl+ |v7g| +1)
< pdist((z, Z), (=¥, A(z™))),

This completes the proof. O
We note that the above lemma implies that the set of x which satisfies the condition:

n

X(a) + ) (@ — o) Ai(a") = ey (IVoL(z, 2)|| + p?) 1

i=1
is contained in the set of x which satisfies (40), i.e., in the region where (57) holds. Thus

we obtain the following variation of the previous lemma.

Lemma 4 Assume that X(x) is analytic, and that the second order sufficient condition
and the MFCQ condition hold at x*. Then there exist a neighborhood N' of (z*, A(z*)),
and constants v > 0 and i > 0 with the property that for each (x,Z) € N' and u € (0, fi]
such that

X(2)Z = pl, X(z)=0,Z = 0,

holds, and
X(a*) + ) (@ — 7)) Ai(z") = ey (| VoL(z, Z)|| + p?) 1 (56)

holds, where € > 0 is a given constant, we have

dist(z,2*) < 7 (|V.L(z, Z)|| + p*/?) . (57)
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O
In the following, we will describe theorems using the condition on the quantity X (z*)+

Yory(z; — xf)Ai(2*) as in Lemma 4 instead of using the condition as in Lemma 3 for the

sake of brevity.

Lemmas 3 and 4 assume that X (z) and Z satisfy the condition X (z)Z = pl. We
next consider how to relax this condition. In order to obtain the primal error bound, the
dual variable Z can be considered as an auxiliary one. For a given x which is close to x*,
we define Z by Z = uX(z)™!. If uX(x)~! is close to the dual solution set A(z*), we can
obtain the primal error bound from Lemma 3 or 4. We will show two ways of relaxing
the condition in the following.

Theorem 3 Assume that X (z) is analytic, and that the second order sufficient condition,
the MFC(Q) condition and the strict complementarity condition hold at x*. Then there exist
a neighborhood N, of x*, and constants v > 0 and i > 0 with the property that for each
x € Ny, and for each u € (0, ii] such that

V() = pA* (@) X (2)7']| < Mo, (58)

where M. > 0 is a given constant, and
X(z*) + Z(:l:Z — ) Ay(x") = ept*yI,
i=1

holds, where € > 0 is a given constant, we have
dist(z, 2*) < yu~/>. (59)

Proof. Define Z = puX(z)™!. If the right hand side of inequality (21) in Theorem
2 is small enough, then pX(z)~! is close to A(x*). Since |V L(x,2)| < M.u'/? and
|X (x)Z|| = p'/*p, we have

dist (X (2) 7 Alx®)) < B(pt? + p + dist(z, %)),

from Theorem 2. For small enough i > 0, Z is close to A(z*), and from Lemma 4, we
obtain (59). O
We note that the inequality in (58) can be written as

IVEp(2)|| < Mep'/?,
where the barrier function Fp(z) is defined by
p
Fp(x) = f(z) — p Y _ log(det X (x)).
i=1

The next theorem shows that it is possible to have a similar error bound by directly
relaxing the shifted complementarity condition.
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Theorem 4 Assume that X (x) is analytic, and that the second order sufficient condition
and the MFCQ condition hold at x*. Then there exist a neighborhood N of (z*, A(z*)),
and constants v > 0 and i > 0 with the property that for each (x,Z) € N, and for each
w € (0, ] such that

1X(2)Z — pI|| < Mep™™, 1 < My Ain(X () (60)
where M, > 0,M, > 0 and 7 > 0 are given constants, and Amin(X(x)) is the minimum
eigenvalue of X (x), and

X (@) + ) (2 — a7)Ai(a") = ey (IVall, 2)|| + @2 + MopT) 1

holds, where € > 0 is a given constant, we have
dist(z,2*) <7 (V. L(z, 2)|| + % 4 Mp™).
Proof. We have
[V /(@) = pA" (@)X (2)7 | < [Vf(2) = A" @) 2] + [ A" (2)(Z - MX( |
< IVf@) = A@2ZI+ B2 = pX @)
The distance between Z and pX (z)~! is estimated as

1Z = pX (@) < pH [uX (@)X (1)Z = pI]|

Mep” ||pX ()|
pl/QMcNT/L)‘min(X (x))il
PP M M, (61)

IA N IA A

If we choose sufficiently small A, then from (61), we have (z,uX(z)™') € N7 where N’
is defined in Lemma 4. Therefore from Lemma 4, (57) and (61), we obtain

dist(z,2") < B(|Vf(x) — pA" (@)X (@) ]| + p?)
< BIVf(z) = A (@) Z| + p? + || Z = pX (2)7]))
< BUIVF(2) = A (@) Z] + p? + MepT).
The theorem is proved. O

If X(z) is a concave function, the inequality

X(a") + Z(l’ — ;) Ai(2") = X (x)

holds, and assumption (56) can be expressed differently. Thus we have the following
corollaries of the preceding theorems.
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Corollary 1 Assume that X (x) is concave and analytic, and that the second order suf-
ficient condition, the MFCQ condition and the strict complementarity condition hold at
x*. Then there exist a neighborhood N, of x*, and constants v > 0 and ji > 0 with the
property that for each x € N, and for each p € (0, 1] such that

Mc,ul/2;
eyp~’?,

|V f(z) = pA*(2) X (z) ]
Amin(X (7))

IV A

holds, where M, > 0 and € > 0 are given constants, and Amin(X(2)) is the minimum
eigenvalue of X (x), we have
dist(z, z*) < yu"/?.

Corollary 2 Assume that X (x) is concave and analytic, and that the second order suffi-
cient condition and the MFCQ condition hold at x*. Then there exist a neighborhood N
of (x*, A(z*)), and constants y > 0 and i > 0 with the property that for each (x,7Z) € N,
and for each p € (0, ] such that

[ X(2)Z — pI|
Amin (X (7))

]\4&u1—l—7’7

<
> &y (vaL(fc> Z)| + ,UJK/2 + Mc/f) )

holds, where M. > 0,7 > 0 and e > 0 are given constants, and Amin(X (z)) is the minimum
eigenvalue of X (x), we have

dist(z,2%) <7 (||VoL(z, Z)|| + p** + M") .

In the last Corollary, the condition @ < M, Apnin(X(z)) in (60) is removed since
Amin(X (2)) > ey (|[VaL(z, Z)|| + p* + Mop™) > eyp®? is a stronger or equal condi-
tion.

5 Local error bounds for primal and dual variables

In this section, we summarize error bounds obtained in this paper by gathering the es-
timates from preceding sections. We first gather the results from Theorems 1, 2 and
3.

Theorem 5 Assume that X (z) is analytic, and that the second order sufficient condition,
the MFCQ condition and the strict complementarity condition hold at x*. Then there exist
a neighborhood N of (x*, A(x*)), and constants v > 0 and i > 0 with the property that
for each (x,Z) € N, and for each u € (0, ] such that

V(@) — pA* (@)X (2) ]| < Mo, X () = 0,

holds, where M. > 0 is a given constant, and

X() + 3 (= a)) Aie) = eI (62)
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holds, where € > 0 is a given constant, we have

Y HIVeL(z, 2)| + 1 X (2)Z]) < dist((, Z), (2", 2))

<
< v (IVeL(z, 2)|| + IX (@) Z] + |min{0, ¢uin(2)}] + p2) ,

where pumin(Z) is the smallest eigenvalue of Z.

The next theorem is from the results of Theorems 1, 2 and 4. In this theorem we use
the fact

B < |IX(2)Z]] < Bp
which can be obtained from the assumption || X (z)Z — ul|| < Mu**™ below.

Theorem 6 Assume that X (z) is analytic, and that the second order sufficient condition,
the MEFCQ condition and the strict complementarity condition hold at x*. Then there exist
a neighborhood N of (x*, A(x*)), and constants v > 0 and i > 0 with the property that
for each (z,Z) € N, and for each p € (0, i] such that

1X(2)Z — pI|| < Mep™™, 0 < MyAmin(X (),

holds, where M, > 0, M, > 0 and 7 > 0 are given constants, and

n

X(@*)+ > (2 —2))Ay(a”) = ey (Vo Lz, Z)|| + p/% + Mop™) T (63)

=1

holds, where € > 0 is a given constant, we have

v (IVaL(z, Z)I| + ) dist((z, 2), (+", 2))

<
< 7 (||V$L(x7 Z)|| + [min{0, pmin(2) }| + NH/Q + MCNT) )
where Yumin(Z) is the smallest eigenvalue of Z.

As mentioned in the previous section, conditions on the quantity X (z*) + > . (z; —

xf)A;(x*) can be represented differently when X (z) is a concave function.
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