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Abstract

This paper describes our recent effort for constructing efficient deterministic global opti-
mization algorithm and software for solving minimization of a nonlinear objective function
subejct to nonlinear equality/inequality constraints including integer variables. The method
is based on a branch and bound type algorithm. In this method, generation of tight convex
relaxation problems of the original problems in subregions is essential. For this purpose
we utilize computational graph representation of the problem using information stored by
our modeling language SIMPLE. Details of various implementation issues and results of
computational experiment are described.
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(1)

j�ý�¡�f � � ¹ « C
	 k U �7E_w���¦ �&¤.J!C'� ' JML(NPO i � Óx\ � J;ÏBÐ�NPOx�&jMw�
� j NPOhf " ��� � C ��� s ��� ¹ «���� � ´(� s �7jMw©� }�� U!e�f���� Ë S
« ���	� � U_³w;¸Tb�Nxf�� Ë

S
¿¨ª�êBë2
�cPOauBÒ��.m�jkç�è�� Ë:«��	�2s ����á � m� 
j�!#"%$'&)(+*

�),-$/.�02143/5 �
f(x) 687�9/:�; giL ≤ gi(x) ≤ giU , i = 1, ..., m <>=+?)@BA+C�D)E�FG (+*+HJILKM( =+?/@ON  <�P�Q�RS6/T4E .�0

(i) UWV%<
X�Y-Z[=�\>]'N  O0
(ii)2 ^�_-\�]'N  [0
(iii) = 2 ^�\�]'N  [0
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(i) gNhN
�JÍÕiT$���IO É�j XYk�Ñ / Ý¸Ê[ÞÇ�l æ −x1Â Ã x2 − x3
1 − x2

3 = 0
−x2 + x2

1 − x2
4 = 0

V 
$�%�mW$��E$Î3ÏmW`n+K�L�o�p
q�Ý / Ô�gNhN
�JÍÕrH�TOÊ$ÞÇ�l æ −x1Â Ã x2 − w1 − w2 = 0
−x2 + w3 − w4 = 0
w1 = x3

1, w3 = x2
1

w2 = x2
3, w4 = x2

4V 
$�%� D ÙHÔ�Î3Ï x3

/
x4 ÙN��E$Î3Ï)s�t#
�Ñ�u�
�v × Â�Ã w2 = x2

3, w4 = x2
4 H+wyx�z�kT�{N
 D Ô V 

v × Â�Ã�Ù�����ÝaÊ V / TIR w2 ≥ 0, w4 ≥ 0 
XÂ�ÃIWy| j Ê%})~ D J�{CÞ+wÑ�ONK�L�Ô(gNh�
�JaÕiT����PWe�N��Ý�k'Ó#Je{�ÞÇ�l æ −x1Â Ã x2 − w1 − w2 = 0

−x2 + w3 − w4 = 0
w1 = x3

1, w3 = x2
1

w2 ≥ 0, w4 ≥ 0

(ii) �#
$���mW�� j ÊXÞ Ç�l æ −x1x2x3Â Ã xj − 4.2 sin2(xj+3) = 0, j = 1, 2, 3
x1 + 2x2 + 2x3 − 7.2 sin2(x7) = 0

V 
$�%�mW$��E$Î3ÏmW`n+K�L�o�p
q�Ý /Ç�l æ −x1x2x3Â Ã xj − 4.2w4+j = 0, j = 1, 2, 3
x1 + 2x2 + 2x3 − 7.2w8 = 0
wj = sin(xj+3), j = 1, 2, 3
w4 = sin(x7)
w4+j = w2

j , w8 = w2
4/ T'Ê$Þ V 
$����xPX xj , j = 4, 5, 6 W-��� D p�L3Ô(gNhN
$���mWe����Ý�k'Ó�Je{�ÞÇ�l æ −x1x2x3Â Ã xj − 4.2w4+j = 0, j = 1, 2, 3

x1 + 2x2 + 2x3 − 7.2w8 = 0
0 ≤ w4+j ≤ 1, j = 1, 2, 3, 4



5 � � � � � �
g�h D Ù$Ôez��)
	��
 D 
���
�T`Ï����������IW��/ß~Ê[Þ¬Ï�������Ù Pentium IV 1.5GHz 

CPU Ô 1GB 
������ W ¿�� Linux �! �" D�# K6Ñ3ÞÖÏ$QmRy
	$�ã �&%N����O [4], [2], [5] T�* x
X('SXck~Ê O Ô*)�+�,(s�
��`�IH.- ÝÍÊ��/��W*�3ß~Ê`Þcg�h�
�0�H Ù Ç�� � 1 optimal value 2 Ô3�4�5 EHÔ � x
kCÑ-���)�e� 17698 3;: � ��2$
)Ï 1 #LP 2�
�< C 
>=�?;@�Ï 1 #pivot 2�OfBA k#L�{9ÊXÞ

(i) Murtagh and Saunders:

minimize (x1 − 1)2 + (x1 − x2)
2 + (x2 − x3)

3 + (x3 − x4)
4 + (x4 − x5)

4

subject to

x1 + x2
2 + x3

3 = 3
√

2 + 2

x2 − x2
3 + x4 = 2

√
2 − 2

x1x5 = 2
−5 ≤ xi ≤ 5, i = 1, ..., 5

optimal value time(sec) #LP #pivot
0.0293108 0.76 325 8433

(ii) Reactor Network Design:

minimize −x4

subject to

x1 + k1x1x5 = 1
x2 − x1 + k2x2x6 = 0
x3 + x1 + k3x3x5 = 1
x4 − x3 + x2 − x1 + k4x4x6 = 0√

x5 +
√

x6 ≤ 4
0 ≤ x1 ≤ 1, 0 ≤ x2 ≤ 1, 0 ≤ x3 ≤ 1
10−5 ≤ x4 ≤ 16, 10−5 ≤ x5 ≤ 16
k1 = 0.09755988, k2 = 0.00k1, k3 = 0.0391908
k4 = 0.9

optimal value time(sec) #LP #pivot
-0.37461046 0.39 281 5815

(iii) Heat Exchange Network:

minimize x1 + x2 + x3

subject to

0.0025(x4 + x6) − 1 ≤ 0
0.0025(−x4 + x5 + x7) − 1 ≤ 0
0.01(−x5 + x8) − 1 ≤ 0
100x1 − x1x6 + 833.33252x4 − 83333.333 ≤ 0
x2x4 − x2x7 − 1250x4 + 1250x5 ≤ 0
x3x5 − x3x8 − 2500x5 + 1250000 ≤ 0
100 ≤ x1 ≤ 10000, 1000 ≤ x2, x3 ≤ 10000
10 ≤ x4, x5, x6, x7, x8 ≤ 1000

optimal value time(sec) #LP #pivot
7049.247931 3.32 2783 66020



(iv) Hock and Schittkowski no. 104 (Optimal Reactor Design):

minimize f(x) = 0.4 x0.67
1 x−0.67

7 + 0.4 x0.67
2 x−0.67

8 + 10 − x1 − x2

subject to 1 − 0.0588 x5x7 − 0.1 x1 ≥ 0
1 − 0.0588 x6x8 − 0.1 x1 − 0.1 x2 ≥ 0
1 − 4 x3x

−1

5 − 2 x−0.71
3 x−1

5 − 0.0588 x−1.3
3 x7 ≥ 0

1 − 4 x4x
−1

6 − 2 x−0.71
4 x−1

6 − 0.0588 x−1.3
4 x8 ≥ 0

0.1 ≤ xi ≤ 10, i = 1 · · · 8

optimal value time(sec) #LP #pivot
3.951120873 72 30699 1289105

(v) Robust stability analysis 1

minimize k
subject to 10q2

2q
3
3 + 10q3

2q
2
3 + 200q2

2q
2
3 + 100q3

2q3

+100q2q
3
3 + q1q2q

2
3 + q1q

2
2q3 + 1000q2q

2
3

+8q1q
2
3 + 1000q2

2q3 + 8q1q
2
2 + 6q1q2q3

+60q1q3 + 60q1q2 − q2
1 − 200q1 ≤ 0

800 − 800k ≤ q1 ≤ 800 + 800k
4 − 2k ≤ q2 ≤ 4 + 2k
6 − 3k ≤ q3 ≤ 6 + 3k

optimal value time(sec) #LP #pivot
0.341739725 0.14 11 270

(vi) Robust stability analysis 2

minimize k
subject to q4

1q
4
2 − q4

1 − q4
2q3 = 0

1.4 − 0.25k ≤ q1 ≤ 1.4 + 0.25k
1.5 − 0.20k ≤ q2 ≤ 1.5 + 0.20k
0.8 − 0.20k ≤ q3 ≤ 0.8 + 0.20k

optimal value time(sec) #LP #pivot
1.089870022 0.14 8 82

(vii)Robust stability analysis 3

minimize k
subject to q3 + 9.625q1ω + 16q2ω + 16ω2 + 12 − 4q1 − q2 − 78ω = 0

16q1ω + 44 − 19q1 − 8q2 − q3 − 24ω = 0
2.25 − 0.25k ≤ q1 ≤ 2.25 + 0.25k
1.5 − 0.50k ≤ q2 ≤ 1.5 + 0.50k
1.5 − 1.50k ≤ q3 ≤ 1.5 + 1.50k

optimal value time(sec) #LP #pivot
0.817529482 0.07 19 192



(viii) COCONUT � " � ��������� 1 [2] 2
AMPL

D�� � A kCÑ�$"ã � � �+W SIMPLE H%o�p�q wrL�$"ã � W��	��� D b�Ê[Þez�
�
/ V
����� 
���
	��� / T�K-L�{�Ê)Þ 3�4�5 E �����I� Ù 1800 � / w L�{�Ê)Þ�) +3Ô Library
1 
 size 1 
�������� 1 Î�Ï�
$Ï�O 1-9 2�H>-�w`LCÙ�Ô
���CÑ 83 �%� � 76 �)H>- w`L! �
O '0Xik�Ñ 1" �#%$ =91.6% 2 Þ Library 1 
 size 2 
&�'���&� 1 Î3Ï�
)Ï�O 10-99 2�H�-0wyLÙHÔ
����Ñ 81 ���P� 48 �NH -@w`L	 � O '@XYk�Ñ 1( )#%$ =59.3% 2-Þ [9] H#J�Ê / Ô V k
X�
$� �PH -@wrL3Ô BARON Ù U k�*�k 64/88=72.7% Ô 46/77=59.7% Ô LINGO Ù U k&*�k
70/91=76.9%,42/80=52.5% T#* / T�K-L
{~Ê)Þ'+NH-,�{
.�/(
�� �IH�- wrL 3�4 ����W0���Ñ�{CÞ

6
1 2 3 4 5

A)687�D �"ß&9�J9ÕcT3ã�:���; D Ô�<;%�=�T
>���=�? � æ�� ��
A@B��C%�)
ED%F)O�G�H D bI V / Ù!J+X�x D b � Õ Þ�)!9�Ô U k�K�*L>�M	N D TN~�kOÓ
z	
�
 3;4
O H)P D x�TRQS,).
/�
��e�mW � R V / O D p I Þ V 
�J9Õ T>��TOÙ$Ô 10 U 20 V�Z�
 ����W s C H�J ILX�Y 3�:C 
A@B�8C%�N
>��T�H'Z�L�{ I /�['\�j I Þ U 
�]#
 3�4	O 
3ãA^'�`_ åa�'� / å��cb �ed
;(
Ef8g�H�J
K�L�Ô X)Y 3;:�C 
 Y � � C Ù ��%�=NT [ 
�H�T�K�9�Þ�>���=
? � æ�
 ��h D[ Ô%i�j�T�k)lIW-m I V / O
n � H-o)p D p I Þ�9�} w¬Ô U 
!9Nu$H-q�Ý"ß�p V /�[ Y Q R
b I Þ�r�s$
��;
 [ Ô(z�
�t0X k�L({ I t)u vxw8ymW�n � H�z %�wyL�{ I /-{
|+j T�{@wL},$. / T I�~&� C [0� Y H�b I /B|�j I�� g�h�H�}
_�a�T)���Rb �ed%;(
 ~&� � 1�K!�>=&�
=�2�W�^%��������� wyL	� I��

v 6�8 3;: g!��
�M����)
 B�C 1 ��� 
�M 3 : }�M���� 3;: }����!� 39: T+* 2#
���%
v ��� C H����8� I �E� 1 ���&� Y 
��8�&} �(� �)!#T+* 2
v A�BNC H)JaQ � w09���6�8�&('�? � æ C 
���f
v ,�s)
)� Y8��� � "

E��� / U 
Ez�%
v ��E � Y 
 Y 
	���
v¡ &¢�	���
�£ l
v¥¤�E
¦ 4 = B�C 
�z�%�H)J I }+JaQ¨§)©�T�ª �
v¬«!­ 3�4U%®�¯ H [±° s�� j XYk I wL})+�HE²�wY{
³�´�H)J I ² B�C O�z$k I G!H!µ [ b I
� {+�k�HmwrL [ V�®
¶ h ®�· ] ® f&g { >�{#H-o8p D p I��

References

[1] Adjiman C.S., S. Dallwig, C.A. Floudas, and A. Neumaier, ”A Global Optimization
Method, αBB, for General Twice-Differentiable Constrained NLPs - I. Theoretical Ad-
vances”, Computers and Chemical Engineering, Vol. 22, pp. 1137-1158, 1998.

[2] The COCONUT Benchmark:

http://www.mat.univie.ac.at/˜neum/glopt/coconut/benchmark.html

[3] C.A.Floudas, Deterministic Global Optimization Theory, Methods and Applications,
Kluwer Academic Publishers, 2000.

[4] C.A.Floudas and P.M.Padalos, A Collection of Test Problems for Constrained Global

Optimization Algorithms, Lecture Notes in Computer Science 455, Springer-Verlag,
1990.



[5] Global Optimization Test Problems:

http://www.mat.univie.ac.at/˜neum/glopt/test.html

[6] R.B.Keafort, Decomposition of arithmetic expressions to improve the behavior of inter-
val iteration for nonlinear systems, Computing, Vol.47, pp.169-191, 1991.

[7] R.B.Kearfott, Rigorous Global Search: Continuous Problems, Kluwer, 1997.

[8] G.P.McCormick, Computability of global solutions to factorable nonconvex programs:
Part I - convex underestimating problems, Mathematical Programming Vol. 10, pp. 147-
175, 1976.

[9] A.Neumaier, O.Shcherbina, W.Huyer and T.Vinko, A comparison of complete global
optimization solvers, Mathematical Programming, Vol.103, pp335-356, 2005.

[10] H.S.Ryoo and N.V.Sahinidis, A branch-and-reduce approach to global optimization,
Journal of Global Optimization, Vol.8,pp.107-139, 1996.

[11] N.V.Sahinidis, ”BARON: A general purpose global optimization software package”,
Journal of Global Optimization, Vol. 8, No. 2, pp.201-205, 1996.

[12] E.Smith and C.Pantelides,”Global Optimization of General Process Models”, Gross-
mann ed. Global Optimization in Engineering Design, pp. 355-386, Kluwer, 1996.

[13] R.G.Strongin and Y.D.Sergeyev, Global Optimization with Non-Convex Constraints,
Kluwer Academic Publishers, 2000.

[14] M.Tawarmalani and N.V.Sahinidis, Covexification and Global Optimization in Contin-
uout and Mixed-Integer Nonlinear Programming, Kluwer Academic Publishes, 2002.

[15] K.Yamamura, ”An Algorithm for Representing Functions of Many Variables by Su-
perpositions of Functions of One Variables and Addition”, IEEE Trans. Circuit and

Systems-I Vol.43,No.4,1996.

[16] H.Yamashita, A globally convergent primal-dual interior point method for constrained
optimization, Optimization Methods and Software, Vol. 10, pp.443-469, 1998.

[17] H.Yamashita and H.Dan, ”Global convergence of a trust region sequential quadratic
programming method”, J. Operations Research Soc. Japan, Vol. 48, No. 1, pp. 41-56,
2005.

[18] ��h8}�����}���� ”
Y \ 3 : ® 9�u ® �
	 � ")� |�� SIMPLE 
 ³#a ” OR �
� 1997

V��
�����	f�0
�����������)����� �
[19] H.Yamashita, H.Yabe and T.Tanabe, A globally and superlinearly convergent primal-

dual interior point trust region method for large scale constrained optimization, Math-

ematical Programming, Ser.B, Vol. 102, No. 1, pp.111-151, 2005.


