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Abstract

In this paper, we are concerned with a primal-dual interior point method for solv-
ing nonlinearly constrained optimization problems, in which Newton-like methods
are applied to the shifted barrier KKT conditions. We propose a new primal-dual
merit function, which is called the primal-dual /o barrier penalty function, within
the framework of line search methods, and show the global convergence property of
our method. Furthermore, by carefully controlling parameters in the algorithm, its
superlinear convergence property is shown.

1 Introduction
In this paper, we consider the following constrained optimization problem:

(1) minimize  f(x), z e R,
subject to  g(z) =0, z; >0, i€ Ip,

where we assume that the functions f : R® — R! and g : R® — R™ are twice continuously
differentiable, and Ip is a subset of the index set {1,2,...,n}. Let n’ = |Ip| > 0 and E be
a n’ X n matrix whose rows consist of e!, ¢ € Ip, where e¢; € R" denotes the i-th column
vector of the identity matrix. Then problem (1) is written as:

(2) minimize  f(x), r e R",
subject to g(z) =0, Ez>0.

In the sequel, we use the notation

' =FEzr ¢ R"
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for simplicity.
Let the Lagrangian function of the above problem be defined by

(3) L(w) = f(z) —y'g(z) — 2'Ex = f(z) — y'g(z) — 22,

where w = (z,y,2)", and y € R™ and z € R™ are the Lagrange multiplier vectors which
correspond to the equality and inequality constraints respectively. Then Karush-Kuhn-
Tucker (KKT) conditions for optimality of the above problem are given by

V. L(w) 0
(4) ro(w) = g9(z) =10
X'Ze 0
and
(5) ' >0, 2> 0,
where

V.L(w) = Vf(z)— Alz)'y — Bz,
Vagi(z)!

Vg7n($)t
X' = diag(zy, -, 7)),

Z = diag(z1, -, 2w),
e = (1,---,1)t€R"I.

To solve the above problem by a primal-dual interior point method, Yamashita [15]
introduces the barrier penalty function F'(e, ) : S — R! which is defined by

m

(6) F(z,p) = f(z) - uiloga:; +p3 Jai(a)]

=1

where 1 and p are given positive constants, and S = {x € R"|2' >0} . If p is suffi-
ciently large, the necessary condition for the optimality of the barrier penalty function
minimization problem for a given p > 0 is

V. L(w) 0
(7) r(w, p) = g(z) =10,
X'Ze— ue 0

and 2’ > 0, z > 0. The above conditions are called the barrier KKT conditions. The
search direction of the proposed method is based on the Newton step for solving the
equality part of the barrier KKT conditions. Let Aw = (Az, Ay, Az)" be defined by a
solution of

(8) J(w)Aw = —r(w, p)



and
G —A(z)? —E
) Jwy=| a@ 0 o |
ZF 0 X'
where we use the relation X'Ze = X'z = ZFEz. The matrix G is V2L(w) or a quasi-
Newton approximation to the Hessian matrix.
Let AF(z, p; s) be a first order approximation to the quantity F/(z + s, p) — F(z, p),
ie.,

m m

(10) AFy(z,155) = Vf(2)'s — pe' (X)L Es +p > |gi(w) + Vgi(w)'s| - pZ |9i(z

=1

Then it is possible to prove that

m

AR (o, 1 Az) < A (G + BYX) M ZE)Az — 3 (0 — [y + Ayl)gi()]
i=1

The above inequality shows that the direction Az which is derived from (8) can be a
descent direction of the barrier penalty function F(z,u) if G is positive definite and p
is sufficiently large. Based on this observation, the line search algorithm and the trust
region algorithm for the primal variable are proposed by Yamashita[15] and Yamashita et
al.[16, 18] respectively. For the variable z, the step size is controlled by a box constraint.
The step size for the variable y is usually taken equal to the one for z. Both algorithms
are shown to be quite efficient. Some researchers have dealt with other primal merit
functions within the framework of line search strategies or trust region strategies (See for
example, Breitfield and Shanno[4], Dennis, Heinkenschloss and Vicente[8], Byrd, Gilbert
and Nocedal[5], and Akrotirianakis and Rustem[1, 2]). Superlinear convergence properties
of primal-dual methods based on solving the barrier KKT conditions have been also
studied by several authors, for example, Martinez, Parada and Tapia[12], El-Bakry, Tapia,
Tsuchiya and Zhang[9], Yamashita and Yabe[17], Yabe and Yamashita[13], Yamashita,
Yabe and Tanabe[18], and Byrd, Liu and Nocedal[7].
In this paper, we consider a more conventional merit function:

’IL/ m

(11) Folz, 1) = f(z) — p) loga; + 5 Zgz
i=1
which is extensively described in a book by Fiacco and McCormick [10]. We also call this
function the barrier penalty function. To discriminate this function from (6), we may call
this the [ barrier penalty function. Whereas the function defined in (6) may be called
the [y barrier penalty function.
The necessary condition for the optimality of the problem

minimize Fy(z,p), z €S

.

(12) V Fy(z,p) = Vf(z) — pE'(X') e+ ~ E:gZ )Vgi(z) =0



and ' > 0. As in [15], we introduce the variables y and z by y = —g(z)/p and z =
wu(X")te. Then the above conditions are written as

Vi(z)— A(z)ly — E'z 0
(13) r(w, p) = 9(x) + py =10
X'Ze — e 0

and ' > 0,z > 0. We call these conditions the shifted barrier KKT (SBKKT) conditions.
These conditions are also considered by Forsgren and Gill [11]. We do not consider the
interior conditions ' > 0,z > 0 hereafter assuming these conditions are always satisfied.

In what follows, the subscript & denotes an iteration count in the inner iteration or
in the outer iteration. Let || - | denote the /3 norm for vectors and the operator norm
induced from the [y vector norm for matrices. Let R’i ={z € R""| z >0},

2 Algorithm and its global convergence

2.1 OQOuter iteration

A prototype of the algorithm that uses the SBKK'T conditions is described as follows.
Algorithm IP

Step 0. (Initialize) Set ¢ > 0, M, > 0 and k& = 0. Let a positive sequence {yuz},pur | 0
be given.

Step 1. (Termination) If ||7o(wy)|| < ¢, then stop.
Step 2. (Approximate SBKKT point) Find a point wy; that satisfies
(14) [ (whs1, )| < Meps.
Step 3. (Update) Set k := k + 1 and go to Step 1. 0

We note that the barrier parameter sequence {y} in Algorithm IP need not be deter-
mined beforehand. The value of each p; may be set adaptively as the iteration proceeds.
We call condition (14) the approximate SBKKT condition, and call a point that satisfies
this condition the approximate SBKKT point.

The following theorem shows the global convergence property of Algorithm IP.

Theorem 1 Let {wy} be an infinite sequence generated by Algorithm IP. Suppose that
the sequences {1} and {yi} are bounded. Then {z} is bounded, and any accumulation
point of {wy} satisfies KKT conditions (4) and (5).



Proof. Assume that there exists an 7 such that (E'z;); — oo. Equation (14) yields

(Vf(zr) — A(zr) e )i
(E'tzk)l

Mr—1
(Et,zk)i’

—1 SMC

which is a contradiction because of the boundedness of {z;} and {y;}. Thus the sequence
{21} is bounded.

Let @ be any accumulation point of {wy}. Since the sequences {wy} and {u;} satisfy
(14) for each k and py approaches zero, ry(w) = 0 follows from the definition of r(w, p).
Therefore the proof is complete. O

2.2 Solving the shifted barrier KKT conditions

In this subsection we consider a method for solving the SBKKT conditions approximately
for a given p > 0 (Step 2 of Algorithm IP). Therefore the index k denotes the inner
iteration count for a given ¢ > 0 in this subsection. The Newton-like iteration for solving

(13) is defined by
(15) JeAwy, = —r(wg, @),

where the Jacobian matrix Jj, is given by

Gk —A(.’Bk)t —Et
7B 0 X!

and the matrix Gy, is V2 L(w,) or its approximation. The following lemma gives a sufficient
condition for equation (15) to be solvable.

Lemma 1 [If G}, is positive definite, then the matriz J;, is nonsingular.

Proof. Consider the equation

dx
Jk 5y = 0,
oz

for (6z,0y,62)t € R® x R™ x R"™. Then we have

(G + ENX!)" ZE + iA(:vk)tA(:ck))&c - 0,

Sy = —pA(e)de,
6z = —(X;) ' ZyEézx.
By the assumption we obtain §dz = 0, and therefore dy = 0 and 6z = 0. This proves the

lemma. a
We note that by eliminating Ay, and Az from the first set of equations (15):

(17) GkACL’k — A(:Bk)tAyk — EtAZk = —VmL(wk),



using the second and third sets of the equations:

(18) A(zi)Azy, + pAy, = —g(@n) — L,
(19) ZnEAz, + XAz, = pe— Xz,
we have )

Therefore it is easy to see that under appropriate assumptions the function Fy(x, ) can
be used as a merit function as in [15]. Because Fy(z, ) depends only on the primal
variables, we should use a method similar to the one which is given in [15] for controlling
the step sizes for dual variables. Instead of following this possibility, we consider a merit
function in the primal-dual space in this paper. Some primal-dual merit functions have
been proposed (See for example, Argaez and Tapia[3], and El-Bakry, Tapia, Tsuchiya and
Zhang[9] for solving the barrier KKT conditions (7), and Forsgren and Gill[11] for solving
the SBKKT conditions (13)).

To have a merit function which has a minimum point at the SBKKT point, and which
gives a descent direction with a Newton step, it is natural to consider

p p
Fo(er, ) + 5 lla() + myll* + 5 11Xz = el

where p is a positive constant. We note that the second and third terms correspond to
the second and third components in r(w, i) respectively. However, this function does not
prevent each component of the variable z tend to 0, and therefore cannot give a globally
convergent algorithm unless an appropriate procedure is devised. Thus we need a sort of
the barrier term for the variable z. In this paper we propose the following function which
is called the primal-dual barrier penalty function:

{(@)'=2}"/n' + llg(2) + pyl* + || X'z — el

" v/n!
/

II z;z;

=1

where p > 0 and v € (0, 2) are constants, which is a modification of the primal-dual merit
function proposed by Yamashita[14]. The denominator in the second term is to prevent
z; tend to O for each ¢. For notational convenience we denote the expression in the last
term in (21) by po(w), i.e.,

{(@)'23"/n’ + |lg(z) + pyl|” + || X'z — pee|”

" v/n!
/
i=1

, 5 v n'
= log ({(«/)'2}"/n' + lg(x) + pyl” + 11Xz — pel ) = = 3" log iz
1=1

(21)  F(w,p) = Fy(z, p) + plog

Y

(22) ¢(w) = log

For later convenience we quote two well known relations

, 1/n'
AV [

(23) wrz (H) ,
=1

nl

6



LA | 1
>

(24) ;n’wgzi = w N\
4]
i=1

In the above inequalities, the equalities hold if and only if z}z; = --- = 2/, z,.
From (23), it is easy to prove the following lemma.

Lemma 2 There hold:

(i) ¢(w) = 0.
(ii) ¢(w) =0 if and only if g(x) + py =0 and X'z — pe = 0. O

Now we calculate the derivatives of the merit function:

VFO(:U’ /") + ,OVIQS(’LU)
(25) VE(w,p) = pVy(w) ,

pV.(w)
where
V. é(w) V{(x')fz}v—lEtz/n' + 2A(z) (g(x) + py) + 2E' Z(X'2 — pe) B VEt(X')_le
(@23 fn'+ lla(e) + ol + X'z = el W
V,b(w) = 2u(g(@) + 1y)
J (@ o+ lalo) el + 02— el
V. o(w) v{(a') 2}t [n' + 22X (X' 2 — pe) v71e

{(e) iz} [ + [lg(x) + pyl|* + |1 X'z — pel|* 7/
Lemma 3 There hold the following relations:

(26) r(w,p) =0 < VE(z,u) =0, g(z) +py=0, X'z—pe=0
<— VF(w,p)=0.

Proof. The first equivalence is obvious from (12).

The second relation comes from (25). If VFy(z, u) =0, g(z)+py = 0and X'z—pe =0,
then we have VF(w, p1) = 0. Conversely assume that VF(w, 1) = 0. Then it follows from
the relations V,¢(w) = 0 and V,¢(w) = 0 that

g(z) +py =0
and
(27) (&) z} ! o + 22X (X2 —pe)  vZTle 0
{(@)z} /' + || X'z — pe|? n '
Equation (27) yields
v{(a')z} e 0/ +22(X'2 — pe)  v(X')le 0

{(z)t2} /" + [ X2 — pell? '

7



which implies V,¢(w) = 0 and we have
VEy(z,p) = V. F(w, pn) =0.

Equation (27) also yields

2(X'z — pe) = ({(gv;);z}” + || X'z — ,u,eHQ) (X'Z)7te - —V{(xl)tz}y_le.

v
n' n'

Multiplying (X’'z — pe)* to both sides of the above equality, we have

21 —pelf? = v (LD gt ) - A2V

! n

_% <7{($2sz}” + || X'z — Me||2> (X' Z) te + pr{(z) 2}t

e ({(@)'2) Y
= v|| X'z — pel® + po{(a) 2} — = (% + || X'z — ue||2) (X' Z) te.

nl

Thus there holds

(A} v

(2 — )| X'z — pe||* = prf ()2}t — M—? (W + | X'z — ,ue||2> (X' Z) te.
n n

By (23) and (24), we have

{(z')'z}" et(X’Z)_le

n/ -
(H:il ;L';Zl) 1/n!
(Hﬁl x(izi> 1/n!

(2 — v+ 'uyet(X'Z)le) X2 — pe|* = po{(z)2}" " — v

nl

< () ey = A ()2}

= 0,
which implies X'z — pe = 0.
Therefore the proof is complete. O
In the following, we set Az’ = FAz. To derive an upper bound on the directional

derivative of F', we first calculate the one for ¢.

(28)
Vo(w) Aw
v{(z)'2}" 7 (' Ax’ + (') Az) [0 + 2(A(x) Az + pAy) (g(x) + py) +2(ZA2" + X'Az)" (X'z —
{(@) 2} /n' + |lg(x) + pyl|* + | X"z — pel|”
" AT+ 2 Az

2

o

!/



Lemma 4 If Awy, solves (15), then we have

llg(zx) + pyil® + |1 Xh2n — pel?

29)  Vo(w) Aw, < —(2— ‘
(29) Plwp) Ay < = Z/){(:r,’k)tzk}”/n’ +llg(@e) + pll + 11Xz — pel|?

Proof. From (28), we have

(@) 2} (= (2h) e /n') — 2| g(2r) + pnll” — 2|1 XG0 — el

Vo(wy) Aw, =
ot ' {(@) =} /n' + [|g(zr) + ,Uyk“ + || X}z — ,ueH2

. —)
Z FAREN]

/w{(ar) z}" "= (2= v) llg(zi) + pull® — (2 = v) | Xfzn — pee]|”
{(= ')t Yo a4+ lg(mn) + pell® + 1| Xz — el

S e

zln‘rk

From relations (23) and (24), we obtain

n'

()2 — (2 =) |lg(zi) + pl” — (2 — v) || Xfzw — el -y P
{(atzy ! + || g(x) + pynl] + | Xpzn — pel? = (@)i(2)

n' py v lg(zr) + pyll® + | Xj 21 — el
—(2-v)

=1

<

- (‘r;c)tzk n' 1/n!
(H (x;e»(zk)i,)

v) llg(zr) + pyl)® + (| Xpzi — pe]”

S _(2_ 7\t / 2 / 2
() 2 /0 + [lg(zi) + pye||” + (| Xz — pel

This proves the lemma.

Lemma 5 If Awy, solves (15), then we have

1
VF(wg, u) Awy, < —Azh(GL+ EY(X}) ' ZuE + ;A(axk)tA(a:k))Aa:k

) lg(zr) + pyrl” + || Xp 2 — el

_p(2 N '\t ! 2 ’ 2
(z}) 'z /1 + |l g(zr) + pyrll” + [ Xizn — pel|

Proof. From (20) and (25), we obtain

1
VF(wk, ,u)tAwk = —AJ?Z(G].A + Et(X,'c)’leE + ;A(‘Tk)tA(IEk))AlL’L

which proves the lemma from (29).

(@)t 2/ + || g(zk) + pyel® + | Xbzn — pel|”



Lemma 6 Assume that Awy, solves (15). If Az, =0, g(z1)+pyr = 0 and X}z, —pe = 0,
then wy, 1s an SBKKT point.

Proof. Az, = 0 means VFy(zy, 1) = 0 from (20). Thus from (26), r(wy, u) = 0 follows.
O

We note that this lemma shows that if G}, is positive definite and wy, is not an SBKKT
point, then the direction Aw, is a descent direction for the primal-dual barrier penalty
function from Lemma 5.

2.3 Line search algorithm

To obtain a globally convergent algorithm to an SBKKT point for a fixed p > 0, it is
necessary to modify the basic Newton iteration with the unit step size somehow. Our
iterations consist of

Wry1 = Wy + apAwg,

where oy, is a step size determined by the line search procedure described below.

The main iteration is to decrease the value of the primal-dual barrier penalty function
F(w, p) for fixed pu. Thus the step size is determined by the sufficient decrease rule of
the merit function. We adopt Armijo’s rule. At the point wy, we calculate the maximum
allowed step to the boundary of the feasible region by

(Azk)i < 0}} .

o = min{min< — (x2)7
kmax — ; (Al’%)l

(Adj)i < 0} i { B ((A))

A step to the next iterate is given by
o, = apfB%, @ = min {Ymax, 1},

where v € (0,1) and 8 € (0,1) are fixed constants and [; is the smallest nonnegative
integer such that

F(wy, + a3,8% Awy, ) — F(wy, p) < g0V F (wy, p)' Awy,

where g, € (0, 1).
Now we give the line search algorithm, which is called Algorithm LS. This algorithm

can be regarded as the inner iteration of Algorithm IP (see Step 2 of Algorithm IP).
Algorithm LS

Step 0. (Initialize) Let wy € S x R™ X Ri’, and >0, p > 0. Set &’ >0, v € (0,1),
B e (0,1), & € (0,1). Let k = 0.

Step 1. (Termination) If ||7(wy, p)|| < €', then stop.

Step 2. (Compute direction) Calculate the direction Awy, by (15).

10



Step 3. (Step size) Calculate

(30)

I . (=3.)i
Opmax = MmN Iniln — (AJ?;C)
2

(31) & = min{YQpmax, 1}-

(Az}); < 0} , in { B (Sii)

(Azp); < 0}} )

Find the smallest nonnegative integer [ that satisfies
(32) Fwg + @i Awy, p) — F(wy, p) < 008"V F (wy, p)* Awy..

Calculate
ap = 5ékﬂlk .

Step 4. (Update variables) Set
Wpt1 = W + apAwy.

Step 5. Set k:=k + 1 and go to Step 1. O

To prove global convergence of Algorithm LS, we need the following assumptions.

Assumption G

(G1) The functions f and g;,7 = 1,...,m, are twice continuously differentiable.

(G2) The level set of the primal-dual barrier penalty function F'(w, 1) at an initial point
wy € S x R™ x R", which is defined by {w €S x R”"XRZ‘F’ | F(w, ) < F(wy, 1) },

is compact for given y > 0.

(G3) The matrix G}, is uniformly positive definite and uniformly bounded. ]

We note that if a quasi-Newton approximation is used for computing the matrix Gy,
then we need the continuity of only the first order derivatives of functions in Assumption
(G1). We also note that for the case of n' = n, Assumption (G3) can be replaced by the
following weaker condition:

(G3)' The matrix Gy, is positive semi-definite and uniformly bounded.

The following theorem gives a convergence of an infinite sequence generated by Algo-
rithm LS.

Theorem 2 Let an infinite sequence {wy} be generated by Algorithm LS. Then there

exists at least one accumulation point of {wy}, and any accumulation point of the sequence
{wy} s an SBKKT point.

11



Proof. Since the sequence {F'(wy, )} is decreasing, each component of the sequence {z} }
is bounded away from zero and bounded above by the existence of the log barrier term
and the assumption. The sequence {z;} also has these properties. Thus there exists a
positive number M such that

2
(33) % < oGy + BYXL) ' Z,E)w < M |v|]*, Vv e R,

by the assumption. From Lemma 5 and (33), we have

| A
M

(34) VF(wy, ) Awy, < — + oV (wy) Awy, < 0,

and from (32),

(35) F(wk+1, /J,) — F(wk, ,u) < soakﬁl“'VF(wk, ,u)tAwk
Az ||?
< —eay B (”]Mk” - PV¢(wk)tAwk>
(36) < 0.

Because the sequence {F(wy, i)} is decreasing and bounded below, the left hand side of

(35) converges to 0. From (33) and (20), ||Azy]| is uniformly bounded above. Then from

(18) and (19) for Ay, and Az, we conclude that ||Awgl|| is uniformly bounded above.

Since liminfy_, o (2},); > 0,liminfy_, . (2); > 0,4 =1,-- -, p, we have liminf,_, . & > 0.
Suppose that there exists a subsequence K C {0,1,---} and a ¢ such that

(37) liminf [V F (wy, ) Awg| 2 6 >0, k€K

k—oc

Then we have [}, — oo,k € K from (35) because the left most expression tends to zero,
and therefore we can assume [}, > 0 for sufficiently large £ € K without loss of generality.
If I, > 0 then the point wy, + o, Awy, /B does not satisfy condition (32). Thus, we have

(38) F(wy, + apAwy /5, 1) — F(wy, 1) > g0, VF (wy,, 1) Awy, /8.
By the mean value theorem, there exists a ), € (0,1) such that
(39) F(wr, + arAwy /B, 1) — Fwy, 1) = ax VF(wy, + O Awy /B, 1) Awy /5.
Then, from (38) and (39), we have
eoVF (wy, p) Awy, < VF(wy, + O Awy /B, 1) Awy,.
This inequality yields

(40) VF(wy, + OrarAwy, /B, p) Awy, — V F(wy, p)" Awy,
> (80 — 1)VF(U);“ ,u)tAwk > 0.

Thus by the property I, — oo, we have |0 Aw; /G| — 0,k € K, because ||Awy is
uniformly bounded above. Thus the left hand side of (40) and therefore V F'(wy, p)* Awy,

12



converges to zero when k — oo,k € K. This contradicts assumption (37). Therefore we
proved
(41) Llim V F (wy, ) Awy, = 0.

k— o0

This implies that
(42) Az, — 0, g(xr) +pyr — 0, Xpzr — pe — 0,

from (34). We should note that the existence of an accumulation point of the sequence
{wy} is assured by Assumption (G2). Let an arbitrary accumulation point of the sequence
{wy} be W = (2,9,2)t € S x R™ x R”. Then from (42), we have

L_g&) Sy
g=—29 sy e,
U
where X' = diag(Z},---,.,). Because Az — 0 implies VFy(&,u) = 0 from (20), we
have r(w, i) = 0 from (26). O

3 Superlinear Convergence

In the previous section, we have proved the global convergence property of Algorithm IP.
In this section, we discuss under which condition Algorithm IP can possess the superlinear
convergence property. For this purpose, we first consider the following local algorithm,
which is called Algorithm IPlocal. By appropriately controlling the parameters p; and
v at each step near a KKT point, we can show that the unit Newton-like step from an
approximate SBKKT point yields a next approximate SBKKT point that corresponds to
the new updated barrier parameter, and that the sequence {w;.} generated by Algorithm
[Plocal converges superlinearly to the KK'T point.

Algorithm IPlocal

Step 0. (Initialize) Set wy € S x R™ X Rﬁ‘_’, to>0,0<v <1lande>0. Let £k =0.
Step 1. (Termination) If ||7o(wy)|| < &, then stop.

Step 2. (Update the parameters) Choose the parameters p; > 0 and 0 < v, < 1.

Step 3. (Compute direction) Calculate the direction Awy, by the linear system of equa-
tions

where the matrix Jj, is given by

Gk —A(a:k)t —Et
ZE 0 X

13



Step 4. (Step size) Set

: : },)i
Afmax — 1IN {In}n { - ((A;;;):)
)i

ar = min{V0kmax, 1} -

Step 5. (Update variables) Set
W1 = Wy -+ ozkAwk

Step 6. Set k:=k 4+ 1 and go to Step 1. O

Denote the Jacobian matrix of r(w, 1) by

V2L(w) —Alz) —E
Vr(w,p) = |  Az) pl 0
ZE 0 X'

Let w* = (z*v* z*)" be a KKT point of (1). In the following, we assume that & is
sufficiently large and py, is sufficiently close to 0. In order to prove superlinear convergence,
we need Assumption L.

Assumption L

(L1) The sequence {wy} converges to w*.
(L2) The second derivatives of the functions f and g are Lipschitz continuous at z*.

(L3) The linear independence of active constraint gradients, the second order sufficient
condition for optimality and the strict complementarity condition hold at w*.

(L4) 4 and +; are updated by the rules
||1+T1

Ui = fk”?”()(wk) and 1— Tk = /fék”?a[)(wk)nq—z

for positive constants 71, 7 and & such that min(1l,72) > 7 and 0 < k < 1, and for
a positive number &, such that ﬁ <&, < M', where M’ is a positive constant.

(L5) The matrix Gy, satisfies at each £,
IGx = ViL(w")|| < 6
for sufficiently small § > 0, and
(G = VEL(wi)) Az = O([| Awi[7)

for some positive constant 73 such that 75 > 7. O
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First we should note that by (L3), the Jacobian matrix Vry(w*) is nonsingular. Then
by (L2), (L4) and (L5), we have

[ = Vro(w)| - < [Vro(ws) = Vro(w")|| + |G — VEL(w")|| +
< [Vro(wr) = Vro(w™)|| + 8 + M'[lrowa) [

Since for sufficiently large k& and sufficiently small §, there holds
IV ro(w) Ml Je = Vro(w)|| < 1,

Ji 1s nonsingular and we have
~1
17l < v
for a positive constant v by Banach perturbation lemma. Thus the linear system of
equations (43) has a unique solution.

Now we give the following theorem, which is very important for proving the superlinear
convergence property of Algorithm [Plocal. This theorem shows that if w;, satisfies the
approximate SBKKT condition for p_1, then a4 is set to be unit in Step 4 of Algorithm
[Plocal and wy + Aw;, also satisfies the approximate SBKKT condition for .

Theorem 3 Let M, be a constant such that 0 < M, < \/n'.
(1) If a point W = (2,9, 2)t € S x R™ x RY satisfies ||r(, )| < Mo, then

(45) vlro(wi) |77 < [lro(@)I] < wallro(wi) |77

for positive constants v1 and vs.

(2) If |7 (wi, pr—1)|| < Mepg—1, then oy = 1.
(3) There holds
(46) I7(wi, + Awg, ) || < Mg,

Proof. (1) Since ||r(@, p,)|| < Mg, we have

0
lro (@)l = ||r(a, ) + e | =3 ||| = Oluw) = O([lro(wi) 7).

Furthermore we obtain

0

0
lro(@)[| = |\r(d, ) +pe | =8 || = p || =9 "T(w,ﬂk)l
€ €

e/ 19112 + llell? = [lr (@, )| > (V! = M)
V! — M,

> T re(w) 7

(2) We will show that

(47) 7k i { —(X#

15



For ¢ such that (Ez*); > 0, it follows from (Az}); — 0 and 7, — 1 that

(@),
(A,

>1 for (Az}); <O.

Now we consider an index ¢ such that (Ez*); = 0. In this case we note that (2*); > 0 by
Assumption (L3). By (43), we have

(48) (z})i + (Az}); = (/;k) B («T%)(;(kiZk)i.

Since ||r(wg, pr—1)|| < Mopr—1, we have

1 V1+T1 )
(49) tr > MHm(uuza,)HHT1 > }\/[’ |‘7’()(wk—1)”(1+7—1)2

by result (1), and
(23)i(2n)i — pr—1] < Mepip—1.
The latter yields

(14+ M)y 14+ M,

(z3.)i < 0 = Er—1lro(wi—1) |77
Since
(Azi)i < [[Awg]l = O(||r(wr, ) ll) = O(llro(wi)ll) = O(llro(wr—)[[*F™),
we have
(50) (@387 = O ([l 1) |204)

Assumption (L4) implies (1 + 71)% < 2(1 + 71). Thus it follows from (48), (49) and (50)
that

(51) (ah)s + (Ay); > kA

where £ is given by (L4). Since (z},)i(zx)i < ||ro(wi)]||, Assumption (L4) guarantees

rolwn 1+
P _ Ekll7o(we)| > &) illro(ws) ||

(Zk)i, (Zk)z
allro(wi) ™ = (&)1 ),

\Y)

then we have "
k
(52) RS ()1 — ).

(zk)i
Thus by (51) and (52) we obtain

(@h)i + (Axp)i > (1= )(2})i,

which implies
()i

o (_ (M),

) >1 for (Az}); <O0.
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Hence (47) holds.
In the same way as above, we can prove that

(Zk)i
(A,Zk)i

Therefore the result follows.
(3) From Assumptions (L4) and (L5), we directly obtain

I (wi + Awg, )| = |7 (wis, pi) + Vr(wy, ) Awy, + O(|| Awy )|
7 (wns paa) + T Awg || + O([| Awy|?)

(e = Vr(w, ) Awg|]
(G, — VEL(wi)) Azy || + O([| Awg]|?)
O(| Ay i+ 2)
= O(|Ir(wg, p) |07 )
O([Jro (wy ) [t )

IA

= of|[ro(wi)["")
= o)
S Mc,uk-
This proves (46).
Therefore the proof of this theorem is complete. O

4 Global and superlinear convergence

Theorem 2 assures the global convergence of Algorithm LS to an SBKKT point for a
fixed p and therefore the global convergence of Algorithm IP to a KKT point of problem
(1), while Theorem 3 implies the superlinear convergence of Algorithm IPlocal to a KKT
point of problem (1). Specifically Theorem 3 shows that if wy, satisfies the approximate
SBKKT condition for u;_1, then ¢ is set to be unit in Step 4 of Algorithm [Plocal and
wy, + Awy, also satisfies the approximate SBKKT condition for u;. Thus by result (1) of
Theorem 3, the superlinear convergence property of Algorithm [Plocal can be obtained if
we choose an approximate SBKK'T point for y as an initial point.

However this does not necessarily imply the superlinear convergence of Algorithm [P,
because the Armijo line search criterion required in the inner iteration (Algorithm LS)
may prevent from choosing a unit step size even if the iterates are near a KKT point.
This phenomenon is known as the Maratos effect. However if we adopt a unit step size
when the current point wj, (the initial point for the k-th inner iteration) satisfies the
approximate SBKKT condition for sufficiently small py_1, and wy + Awy, (the first step
for the k-th inner iteration) satisfies the approximate SBKKT condition for py_1, even
when the merit function value does not satisfy the Armijo rule, then Theorems 2 and
3 assure that we can have the global and superlinear convergence of Algorithm IP by
appropriately controlling the parameters y; and 7, at the final stage of iterations.
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We could devise an algorithm for avoiding the Maratos effect explicitly. For this
purpose, we could use a nonmonotone strategy like the primal-dual interior point trust
region method given by Yamashita, Yabe and Tanabe[18] for example. However we did
not adopt the technique just for simplicity of exposition of the algorithm in this paper.
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