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Abstract

This paper proposes a primal-dual interior point method for solving general
nonlinearly constrained optimization problems. The method is based on solving
the barrier Karush-Kuhn-Tucker conditions for optimality by the Newton method.
To globalize the iteration we introduce the barrier-penalty fucntion and the opti-
mality condition for minimizing this function. Our basic iteration is the Newton
iteration for solving the optimality conditions with respect to the barrier-penalty
function which coincides with the Newton iteration for the barrier Karush-Kuhn-
Tucker conditions if the penalty parameter is sufficiently large. It is proved that the
method is globally convergent from an arbitrary initial point that strictly satisfies
the bounds on the variables. Implementations of the given algorithm are done for
small dense nonlinear programs . The method solves all the problems in Hock and
Schittkowski’s textbook efficiently. Thus it is shown that the method given in this
paper possesses a good theoretical convergence property and is efficient in practice.
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1 Introduction

In this paper we propose a primal-dual interior point method that solves general nonlin-
early constrained optimization problems. To obtain a fast algorithm for nonlinear opti-
mization problems it is fairly clear from various experiences (for example the well known
success of the SQP method) that we should eventually solve the Karush-Kuhn-Tucker
conditions for optimality by a Newton-like method. However, solving the optimality con-
ditions simply as a system of equations does not give an algorithm for solving optimization
problems in general except for convex problems. Therefore it is not appropriate to treat
the primal and dual variables equally to obtain globally convergent methods for general
nonlinear optimization problems. Observing that there is a nice relation between the pa-
rameterized optimality conditions (barrier KKT condition) and the classical logarithmic
barrier function of the primal variables, we can develop a globally convergent method for
general nonlinear optimization problems. To prevent the possible divergence of the dual
variables, we introduce the barrier penalty function and solve the optimality conditions
by a Newton-like method.

For nonlinear programs it has been believed long time that interior point methods are
not practical because of inevitable numerical difficulties which occur at the final stage
of iterations. See Fiacco and McCormick [4], Fletcher [5] and other standard textbooks
on nonlinear optimization. Thus the state of the art method for nonlinear programs
today is the SQP method (see Powell [7], Fletcher [5]) which can also be interpreted as
a Newton-like method for Karush-Kuhn-Tucker conditions near a solution. It is known
that the SQP method is efficient and stable for wide range of problems. The SQP method
requires the quadratic programming subproblems which handle the combinatorial aspect
of the problem caused by inequality constraints. A solution of the quadratic programming
problem itself requires rather expensive cost especially for large scale problems. Therefore
it is desired to have an efficient and stable interior point method for nonlinear problems in
the light of success of that in the field of large scale linear programs. This paper shows that
it is in fact possible to construct such a method that is globally convergent theoretically,
and efficient and stable in practice. The method is tested on 115 test problems in Hock
and Schittkowski’s collection [6]. For these problems our method solves all the problems
with 20 to 30 function evaluations per problem and about 20 iterations per problem.
Details are described in Section 5. A preliminary report of this paper has appeared in
[11].

In this paper, problems to be solved are restricted to small to medium ones because
we do not exploit the sparsity of the matrices here. However, recent report by Yamashita,
Yabe and Tanabe [13] studies a trust region type method to utilize the sparsity of the
Hessian of the Lagrangian. They report efficiency of the method that uses the barrier
penalty function as in this paper. See also [1] for a trust region type interior point
method. It is to be noted that the recent studies by Yamashita and Yabe [12] and Yabe
and Yamashita [9] show the superlinear and/or quadratic convergence of a class of primal-
dual interior point methods that use the Newton or quasi-Newton iteration for solving
the barrier KK'T conditions. Other reports on the local behavior of primal-dual interior
point methods include [2] and [3].

In Section 2, we describe basic concepts in the primal-dual interior point method. The



barrier penalty function which plays a key role in the method of this paper is introduced in
Section 3, and analyzed there. A line search method that minimizes the barrier penalty
function is described in Section 4, and is proved to be globally convergent. Section 5
reports the results of numerical experiment.

Notation. The subscript & denotes an iteration count. Subscripts ¢ and j denote
components of vectors and matrices. The superscript ¢ denotes transposes of vectors
and matrices. The vector e denotes the vector of all ones and the matrix I the identity
matrix. For simplicity of description, we assume || - || denotes the l; norm for vectors.
The symbol R™ denotes the n dimensional real vector space. The set R’/ is defined by
RY ={zcR"|z>0}.

2 Primal-dual interior point method

In this paper, we consider the following constrained optimization problem:

(1)

minimize  f(x), xz e R,
subject to  g(z) =0, £ >0,

where we assume that the functions f : R® — R! and g : R” — R™ are twice continuously
differentiable.
Let the Lagrangian function of the above problem be defined by

(2) L(w) = f(z) — y'g(z) — 2'x,

where w = (z,y,2)!, and y € R™ and z € R” are the Lagrange multiplier vectors which

correspond to the equality and inequality constraints respectively. Then Karush-Kuhn-
Tucker (KKT) conditions for optimality of the above problem are given by

V.L(w) 0
(3) ro(w) = g(z) =|0
XZe 0
and
(4) x>0, z >0,
where

V.L(w) = Vf(z) = Alx)'y -2,
Vgi(z)!
Az) = z ,
v.gm(x)t
X = diag(zy,---,2n),
Z

diag (21, -, 2n) -

Now we approximate problem (1) by introducing the barrier function Fg(e; 1) : R} —
Rl
(5)

minimize  Fp(z;u) = f(z) — p > log(z;), © € R}
i=1
subject to  g(z) =0,



where the barrier parameter ¢ > 0 is a given constant. It is well known that, if
is sufficiently small, problem (5) is a good approximation to original problem (1) (see
Fiacco and McCormick [4]). The optimality conditions for (5) are given by

(6) Vf(z) = Alz)'y —pX te = 0,
9(e) =
and
z >0,

where y € R™ is the Lagrange multiplier for the equality constraints. If we introduce
an auxiliary variable z € R" which is to be equal to uX e, then the above conditions
become the conditions

V.L(w) 0
(7) r(w, p) = g(z) =101,
XZe— e 0
and
(8) x>0, z > 0.

The introduction of the variable z is essential to the numerical success of the barrier based
algorithm in this paper.

In this paper we call conditions (7) the barrier KKT conditions, and a point w(u) =
(x(p), y(p), z(p)) that satisfies these conditions is called the barrier KKT point. We will
use an interior point method for searching a point that approximately satisfies the above
conditions, and finally obtain a point that satisfies the Karush-Kuhn-Tucker conditions
by letting p | 0. This means that we force z and z be strictly positive during iterations.
Therefore we delete inequality conditions (8) hereafter, and always assume that = and z
are strictly positive in what follows. Here we note that

(9) r(w, /’L) = TU(w) — Wé,
where
0
e=10
e

An algorithm of this paper approximately solves the sequence of conditions (7) with
a decreasing sequence of the barrier parameter p that tends to 0, and thus obtains an
approximate solution to KK'T conditions. For definiteness, we describe a prototype of
such algorithm as follows.

Algorithm IP

Step 0. (Initialize) Set £ > 0, M. > 0 and k = 0. Let a positive sequence {uz},pr 4 0
be given.

Step 1. (Termination) If ||7o(w)|| <€, then stop.



Step 2. (Approximate barrier KKT point) Find a point wy,; that satisfies
(10) I, )l < Mo
Step 3. (Update) Set k := k + 1 and go to Step 1. a

The following theorem shows the global convergence property of Algorithm IP.

Theorem 1 Let {wy} be an infinite sequence generated by Algorithm IP. Suppose that
the sequences {zy} and {yi} are bounded. Then {z} is bounded, and any accumulation

point of {wy} satisfies KKT conditions (3) and (4).
Proof. Assume that there exists an i such that (z;); — co. Equation (10) yields

(Vf(zr) — Alzi) )i i
() =M

which is a contradiction because of the boundedness of {z;} and {y;}. Thus the sequence
{2} is bounded.

Let & be any accumulation point of {wy}. Since the sequences {wy} and {y} satisfy
(10) for each k and py, approaches zero, ro(w) = 0 follows from the definition of r(w, ).
Therefore the proof is complete. O

We note that the barrier parameter sequence {xy,} in Algorithm IP need not be deter-
mined beforehand. The value of each p; may be set adaptively as the iteration proceeds.
An example of updating method of yy, is described in Section 5. We call condition (10)
the approximate barrier KK'T condition, and call a point that satisfies this condition the
approximate barrier KK'T' point.

To find an approximate barrier KK'T point for a given p > 0, we use the Newton-like
method in this paper. Let Aw = (Az, Ay, Az)" be defined by a solution of

(11) J(w)dw = —r(w, p),
where
G —A(x) -1
(12) J(w)=| A(z) 0 0
Z 0 X

Then the basic iteration of the Newton-like method may be described as
(13) Wry1 = wy, + ApAwg,

where Ay, = diag(uiln, ayidm, @:i1,) is composed of step sizes in , y and z variables.
If G = V2L(w), then Aw becomes Newton’s direction for solving (7). To solve (11), we
split the equations into two groups. Thus we solve

(14) ( G:ﬁgj)lz —Ao(:c)t ) ( 25 ) _ ( —VmL(w);(-;)LXle —2 ) |
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for (Az, Ay)!, then we obtain Az by the third equation in (11). If G + X 1Z is positive
definite and A(z) is of full rank, then the coefficient matrix in (14) is nonsingular. It will
be useful to note that (14) can be written as

) ( G+ ﬁx)lz ~Ale) ) ( A ) _ ( —Vf(:cg)(;r)uXIe ) ,

where
(16) y=1vy+ Ay.

In this paper, we will deal with the case in which the matrix G can be assumed
nonnegative definite. Therefore, to solve the general nonlinear problems, we will use a
positive definite quasi-Newton approximation to the Hessian matrix of the Lagrangian
function to obtain the desired property of the matrix G.

3 Barrier penalty function

To globalize the convergence property of an interior point algorithm based on the above
iteration, we introduce two auxiliary problems. Firstly we define the following problem:

minimize  Fp(z;p) = f(z) +p f} lgi(z)|, = e€R",
i=1
subject to x>0,

(17)
where the penalty parameter p is a given positive constant. The necessary conditions for
optimality of this problem are (see 14.2 of Fletcher [5])
V.L(w) = 0,
(19 v e ~o{p3lata ).
XZe = 0, z2> 8 >0,

where the notation 9 means the subdifferential of the function in the braces with respect
to ¢g. In our case the second condition in (18) is equivalent to

ﬁ S i <P, gl(:v) =0,
(19) = —p, gi(z) > 0,
yi =P, gi(z) <0,
for each 2 = 1,-- -, m. This condition can be expressed as
ploi(@)| = —yigilz), —p<wi<p,i=1,---,m,
or @)
y?gl — — .
|gt( )|+ 5 =0, —p<Ly <p,2=1,---,m.



Therefore conditions (18) can be written as

V.L(w) 0
(20) ro(w) = | reg(w) =10

XZe 0
and

x>0, 22>0,
(21) _ﬁﬁylﬁﬁ;l: ) y 11,
where
ra(w)s = lao)| + 2 1

Note that we are using the same symbol r(w) to denote the residual vector of the opti-
mality conditions as in Section 2 for simplicity. If ||y|| .. < p, conditions (18) are equivalent
to conditions (3) and (4). In this sense, problem (17) is equivalent to problem (1).

Next we introduce the barrier penalty function F'(e;u, p) : R — R! by

(22) F(w;u,p)Zf(x)—ﬂzlogwi+p2|gi($)l,
=1 =1

where 1 and p are given positive constants. This function plays an essential role in the
method given in this paper. Let us approximate problem (17) by the following problem

(23) minimize F(z;p,p), =€ RIL.
The necessary conditions for optimality of a solution to the above problem are
V.L{w) = 0,
24 el
XZe = ue, x :E), z >0,

where we introduce an auxiliary variable z € R™ as in (7). As above, conditions (24) can
be written as

V.L(w) 0
(25) r(w, p) = re(w) =10
XZe— ue 0
and
(26) x>0, z2>0,

_ﬁ§y1§ﬁ7 izl)"'ama

where we use the same symbol 7(w, i) as in Section 2 for simplicity. If 5 > ||y||_ then con-
ditions (25) and (26) coincide with (7) and (8). We call a point w(p) = (x(p), y(p), 2(1)) €
R" x R™ x R" that satisfies (24) for a given p > 0 the barrier KKT point for this u as
before. We can use Algorithm IP to solve (17). The following theorem shows the global
convergence property of Algorithm IP for solving (17).



Theorem 2 Let {w} be an infinite sequence generated by Algorithm IP for solving (17).
Suppose that the sequences {x.} is bounded. Then {z} is bounded, and any accumulation
point of {wy} satisfies the optimality conditions (20) and (21) for problem (17). a

Now we formulate a Newton-like iteration for solving the above conditions (25). Thus
we calculate the first order change of (24) with respect to a change in w. This gives

(G+X12)Az — A(z)'Ay = —V,L(w)+pX te— 2z,
(27) j=y+Ay € —a{ﬁz g¢($)+Vgi(:c)tA:r’},
i=1
Az = —X '"ZAz+uXte— 2.

Following lemma gives a basic property of the iteration vector Aw = (Az, Ay, Az)".

Lemma 1 Suppose that Aw satisfies (27) at an interior point w.

(t) If p > ||yl|.., then Aw is identical to the one given by (11).

(it) If Aw = 0, then the point w is a barrier KKT point that satisfies (24).

(ii1) If Az = 0, then the point (z,y + Ay, z + Az) is a barrier KKT point that satisfies
(24). O

If we consider the subproblem:
(28)

1
minimize §Axt(G—l—X*lZ)A:c—i-(Vf(:z:)—/,LXfle)tAx—i—ﬁZ gi(z) + Vgi(z)' Az
=1

, Az € R",

the solution vector Az and the corresponding multiplier vector y that satisfy the necessary
conditions for optimality also satisfy conditions (27). If G+ X 17 is positive definite we
can solve the problem (28) by a straightforward active set method which starts with an
active set that contains all the constraints g;(z)+Vg;(z)!Az = 0,7 = 1,-- - m. An example
of the procedure is described in Fletcher [5]. It is important to note that, if the vectors
Az and 7 obtained by solving (15) satisfy 5 > ||7||.., then the desired iteration vector
that satisfies (27) are also obtained.

The procedure described above is devised instead of the simple Newton iteration given
in Section 2 in order to show a way of preventing possible divergence of the dual variable y.
However for the practical purpose it seems sufficient to solve only equation (11) once per
iteration as shown in sections below in which practical experiences obtained by the author
on general nonlinear programming problems are described. Therefore this procedure is of
only theoretical importance at present.

As shown above, optimality conditions (20) and (21) are identical to optimality con-
ditions (3) and (4) if we set p = oco. Also, Newton-like iteration (27) coincides with
(11) when p = co. Therefore we will regard that the method explained below includes a
method for solving (1) when p = oo for simplicity of exposition. We note that the penalty
parameter p which will appear below should be finite even if p = oco.

Another interesting point to be noted in the above iteration is that it can give a solution
to an infeasible problem. Even if the constraints in problem (1) are incompatible, the

8



method described above will give a solution to problem (17) as shown below. A solution
to problem (17) with infeasible constraints may give useful information about problem
(1).

Now we proceed to an analysis of the properties of the barrier penalty function. The
directional derivative F'(z; u, p; s) of the function F(z;pu, p) along an arbitrary given di-
rection s is defined by

F . — F(x:
F'(zip,p55) = lim (@ +asip p) = Flzip,p)
@ a

= Vf(z)'s—pe'X s+ p> Vagi(z)'s
_l_
+p 3 [Vail)'s| = p 3 Vailx)'s
0 -

where the summations in the above equation are to be understood as

Sau=Ya Su=Ya Ya=Xa

g:>0 0 g:=0 g9: <0

We introduce a first order approximation F; of F'(z + s; u, p) by
(29) F(wimps) = f(o)+V5@)'s =3 (logle) + )

+pz

and an estimate of the first order change AF; of F' by

gi(z) + Vgi(z)'s

(30) AF(z;p,058) = Rz, p8) — Fz;p, p),
Vf(z)'s — pe'X s
+p_lgi(z) + Vai(z —pZ|g7

for an arbitrary given direction s.
We have following properties for the quantities defined above which give an extension
to the similar properties in the case of differentiable functions (see for example Yamashita

[10]).

Lemma 2 Let >0, p >0 and s € R"™ be given. Then the following assertions hold.

(i) The function Fy(x; p, p; as) is convex with respect to the variable .
(11) There holds the relation

(31) F(z; p, p) + F' (w5 1, 5 5) < Fi(@; s ps 5).
(111) Further, there exists a 6 € (0,1) such that
(32) F(z+s;p,p) < Fla;p,p) + F'(x + 0s; 4, p; 5),

whenever © + s > 0.



Proof. The first statement of the lemma is obvious. If a > 0 is sufficiently small, we have
Fi(z;p, pyas) = Flzyp,p) + F'(z; 1, 05 as)
= F(z;p,p) + aF'(z; 1, p; 5).

Since Fy(x; u, p; as) is convex with respect to a and coincides with a linear function of
a > 0 when « is sufficiently small, we obtain (31). Now we show (32). If we consider
F'(z 4+ 7s; 1, p; s) as a function of the variable 7 € [0, 1], the number of discontinuous
points of F’ is finite. Therefore there exists a § € (0, 1) such that

1
F'(z +0s;1,p55) > fF'(HTS;u,p;S)dT
0
= F(z+s;1,p0) — F(z; 1, p).

This completes the proof. O
Lemma 3 Letey € (0,1) be a given constant and s € R" be given. If AF(z; u, p;s) < 0,

then
(33) F(z + as;p, p) — F(z; p, p) < eoaAFi(z; p, p; 8),

for suffictently small o > 0.
Proof. From (32), there exists a 6 € (0,1) such that

(34) F(z+as;p,p) = F(z;u,p) < F'(z +0as; i, p; as)
= aF'(z+0as;u,p;s).

From (31) we have

(35) F'(z + Oas; p, p; s) < AF(z + Oas; p, p; s).

Because AF(e; 1, p; s) is continuous, and AFy(z; i, p; s) < 0 by the assumption, we obtain
(36) AF(z + Oas; u, p;s) < eoAF (@5 1, p5 8),

for sufficiently small ||fas||. From (34) - (36) we obtain (33) for sufficiently small « > 0.
O

Lemma 4 Suppose that Aw satisfies (27). If 0 < p < p, then

(37) AF(z; p, 05 Az) < —Az'(G + X Z) Az — i(p — [Til)lgi(=)].

=1

Further if, G is positive semidefinite and ||y||. < p, then AF(z;p, p; Ax) < 0, and
AF(z; p, p; Az) = 0 yields Az = 0.

10



Proof. From (27) and (30) we have

AF(z;p, p; Az) = —Az'(G+X ' Z)Ax+Az' A(2)' §+p > |gi(z) + Vgi(x)tA:v‘—pZ lgi(z)].
i=1 =1

The ¢-th components in the summations in the last three terms give
(38) GiVi(z)' Az + p|gi(z) + Vgi(2)'Ax| - p|gi(=)|
< 3:Vgi(z)' Az + plgi(z) + Vgi(z)' Az
= —Gigi(z) — plgi(z)|

— plgi(z)]

where the inequality in the second line follows from p < p, and the equality in the third
line follows from the property

0<% <p, gi(z)+ Vg(z)Az =0,
Ui = —p, gi(z) + Vgi(z)'Az > 0,
U = p, gi(z) + Vgi(z)! Az < 0.

The relation (38) gives (37). O

4 Line search algorithm

To obtain a globally convergent algorithm to a barrier KKT point for a fixed p > 0, it is
necessary to modify the basic Newton iteration with the unit step length somehow. Our
iterations consist of

Ty = Tp + pAzy,
(39) Yyl = Yr + Ay,
R N HVA

where oy, oy, and a,y, are step sizes determined by the line search procedures described
below.

The main iteration is to decrease the value of the barrier penalty function for fixed .
Thus the step size of the primal variable x is determined by the sufficient decrease rule
of the merit function. The step size of the dual variable z is determined so as to stabilize
the iteration. The explicit rules follow in order.

We adopt Armijo’s rule as the line search rule for the variable z. At the point zj, we
calculate the maximum allowed step to the boundary of the feasible region by

(Azy);

(40) Ormax = lnjn { -

(Azy); < 0} ,

i.e., the step size apmax gives an infinitely large value of the barrier penalty function F
if it exists, because of the barrier terms, and a step size a € [0, Agmax) gives a strictly
feasible primal variable. A step to the next iterate is given by

(41) Qg = C_Vk/glkv ay = min {7akmax7 1} ;

11



where v € (0,1) and 8 € (0,1) are fixed constants and [, is the smallest nonnegative
integer such that

(42) F(zy, 4+ apB' Azy; i, p) — Fz; 1, p) < 08B AFy(z4; 1, p; Azy),

where ¢y € (0,1). Typical values of these parameters are § = 0.5, v = 0.9995 and
g9 = 1079, Therefore we will try the sequence

21 + 0.99950 0 ATk, Tk 4 0.5 X 0.99950 0 ATk, Tr + 0.25 X 0.999504max ATk,

for example, and will find a step size that satisfies (42). If G is positive semidefinite, then
AF(zy; p, p; Azy) < 0 by Lemma 4, and therefore the existence of such steps is assured
by Lemma 3.

For the variable z, we adopt the box constraints rule, i.e., we force z and z to satisfy
the condition

(43) cori < ((zn)i + aar(Azr)i) ((z1)i + aan(Azi)i) < cypiy, t=1,---,n
at the end of each iteration, where the bounds cy; and cyy satisfy

(44) O<cpmi <p<cyr, t=1,---,n.

To this end, we let

CLki = min {7./’;;7 ((zr): + Oéxk(Aﬂfk)z)(Zk)z} ,
(45) curi = max {Myp, ((zr)i + aur(Azr)i)(21)i}

where My > 1 and My > 1 are given constants. The construction of the above bounds
shows that current z satisfies

40) ((zr)i + aa;(Aﬂfk)i) < e < ((zr): + aa;(A.’L‘k)i), r=be

The step size a, is determined by

CLki

((x1); + car(Azy);)
S (s ) w1

((z1)i + ot

1 73

(47) Q,;, = min {min {max {ai

The rule (47) means that the step size «, is the maximal allowed step that satisfies the
box constraints with the restriction of being not greater than the unit step length.

Lemma 5 Suppose that an infinite sequence {wy} is generated for fized u > 0. Then if
liminfy . (z1); > 0 andlim sup,_, . (z1); < 0o, thenliminf,_, (cri); > 0 andlimsup,,_, (cur)i <
o fort=1,---,n.
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Proof. Suppose that (cr); — 0 for an i and some subsequence K C {0,1,2,---}. Then by
the definition of (cLi); in (45), (21); — 0,k € K. However, in order for a subsequence of
{(zx)i} to tend to 0, there must be an iteration k at which the lower bound (ct);/ (k1)
of (z1,); is arbitrary small and the value of (z;); at the iteration is strictly larger than that
bound, i.e. at the iteration the value of (z); decreases to a strictly smaller value. This
means that at iteration k, (cri); = p/Mp, from the definition (45), and therefore the value
of (zj41); must be arbitrary large because u/Mp < (zgi1)i(2x); and (2); — 0,k € K.
This is impossible because of the assumption of the lemma. The proof of the boundedness
of (cyy)i is similar. a

In actual calculation we modify the direction Az, by

0, if (Zk), = CLki/(«Tk+1)i and (AZL)Z <0,
(48) (Aziﬂ)l = 0, if (Zk), = CUki/(«Tk+1)i and (AZA)Z > 0,
(Azp);, otherwise.

This modification means that we project the direction along the boundary of the box
constraints if the point z; is on that boundary and the direction Az, points outward
of the box. This procedure is adopted because it gives better numerical results. The
global convergence results shown in the following are equally valid for both unmodified
and modified directions.

For the variable g, there exist three obvious choices for the step length:

(49) agy =1 or au or ..

The global convergence property given below holds for these choices. We choose o, = a.,
from numerical experiments.

The following algorithm describes the iteration for fixed ¢ > 0 and p > 0. We note
that this algorithm corresponds to Step 2 of Algorithm IP in Section 2.

Algorithm LS

Step 0. (Initialize) Let wy € R} X R™ x R", and ¢ > 0, p > 0. Set ¢’ > 0, v € (0,1),
B e (0,1), €y € (0,1), My > 1 and My > 1. Let £k = 0.

Step 1. (Termination) If ||7(wy, p)|| < €', then stop.
Step 2. (Compute direction) Calculate the direction Awy, by (27).
Step 3. (Stepsize) Set

(33L)1

(Axk)t < 0} ) oy = min {f)/akmaxa 1} .

Qfmax = 1IN { -
7

Find the smallest nonnegative integer [, that satisfies
F(zy + a0 Aay, 1, p) — Fan, 1, p) < g0 8" ARy (25 1, p3 Azy,).

Calculate
Qg — akﬁlky

13



CLEki = Min {Ma (zr + Olkal“k)z‘(Zk)z‘} )
M,

curi = max { My p, (1, + carAzr)i(2e)i}
CLki

Q) = Min { min { max 4 «;
' { ‘ {""' { ((zr)i + cwn(Azy);)

< ((z0)i + ai(Az)) < Uk YRy }} , 1} ,

(zr)i +

Ay = Qzk,

Ak = diag{awk[ny ayk[m7 azk[n}~

Step 4. (Update variables) Set
Wrr1 = Wy + ApAwy,.

Step 5. Set k:=k + 1 and go to Step 1. O

To prove global convergence of Algorithm LS, we need the following assumptions.

Assumption G

(1) The functions f and g;,i = 1,...,m, are twice continuously differentiable.

(2) The level set of the barrier penalty function at an initial point z, € R’, which is
defined by {:c € R} |F(z; p, p) < F(zo; 1, p) }, is compact for given p > 0.

(3) The matrix A(x) is of full rank on the level set defined in (2).
(4) The matrix G, is positive semidefinite and uniformly bounded.

(5) The penalty parameter p satisfies 5 > p > ||y, + Ayl for each k =0,1,... . O

We note that if a quasi-Newton approximation is used for computing the matrix Gy,
then we need the continuity of only the first order derivatives of functions in Assumption
G-(1). We also note that if AF;(zy; u, p; Azg) = 0, at an iteration k, then the step sizes
Qi = oy, = @, = 1 are adopted and (2g41, Y41, 2k+1) gives a barrier KKT point from
Lemma 1 and Lemma 4. The following theorem gives a convergence of an infinite sequence
generated by Algorithm LS.

Theorem 3 Let an infinite sequence {wy} be generated by Algorithm LS. Then there
exists at least one accumulation point of {wy}, and any accumulation point of the sequence
{wr} is a barrier KKT point.
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Proof. First we note that each component of the sequence {z;} is bounded away from
zero and bounded above by the assumption and the existence of the log barrier term.
Therefore the sequence {z;} has at least one accumulation point. The sequence {z}
also has these properties by Lemma 5. Thus there exists a positive number M such that

2
Il

0) TSP GH X 2 < M), e R,

by the assumption. From (37) and (50), we have

A 2
(51) ARy s Aay) < A0
and from (42),
(52) F@pyr; i, p) = Flzis p,p) < codn8 AF(zy; 1, p; Ay
Az 2
S —80@]‘46%% < 0.

Because the sequence {F'(xy; u, p)} is decreasing and bounded below, the left hand side of
(52) converges to 0. Since liminfy_, . (z3); > 0,7 = 1,---,n, we have liminf;_,., & > 0.
Suppose that there exists a subsequence K C {0,1,---} and a ¢ such that

(53) li]{)ninf |Az|| >6 >0, kekK.
—00

Then we have [, — o0,k € K from (52) because the left most expression tends to zero,
and therefore we can assume [}, > 0 for sufficiently large k£ € K without loss of generality.
If [, > 0 then the point z) 4+ o, Axy /B does not satisfy the condition (42). Thus, we have

(54) Flay + aunday/B; p, p) — Flais p, p) > eoqan AF(zi; 1, p; Az ) /5.
By (32) and (31), there exists a ), € (0,1) such that
(55)

kB (2 + Opon Az /55w, p; Axy) /B
e AF (2 + oAz /B p, p; Az ) /8, k € K.

F(xy, + ageAay/B; w, p) — F(2i; 1 p)

Then, from (54) and (55), we have
oA F(zy; 1, p; Axy) < AF (x4 OpoanAxy /B, p; Axy).
This inequality yields

(56) AF(z) + Opau Ay /B 1, p; Azy) — AF (215 1, p; Ay
> (g9 — 1)AF(xp; p, p; Azy,) > 0.

Because Axy is a solution of problem (28) and there holds (50), ||Az| is uniformly
bounded above. Then by the property [, — oo, we have ||0ra. Az,/B] — 0,k € K.

15



Thus the left hand side of (56) and therefore AFj(xy; i, p; Axy,) converges to zero when
k — oo,k € K. This contradicts the assumption (53) because we have Az, — 0,k € K
from (51). Therefore we proved

(57) hmeK |Az|| = 0.

k—o0,k

Let an arbitrary accumulation point of the sequence {z;} be & € R’ and let z;, — &,k €
K for K C {0,1,---}. Thus

(58) xr — &, Az —0, zp1— 2, keK.

Because {Xk_le} is bounded, we have

Jim o+ An— uXie = 0

from (27). If we define 2 = uX~'e where X = diag(#1,-- -, &,), then we have
Zk—i-AZk%g, ke K.

Hence from (45) we have

(cor)i < ML < (Tpyr)ilze + Az < Mpp < (Cyp)i, t=1,---,n
L

for k € K sufliciently large, which shows that the point 2 + Az is always accepted as
2p11 for sufficiently large k& € K.

Since o, = 1 is accepted for & € K sufficiently large, so is o, = 1. Therefore we
obtain

k—oo,ke K

lim  y.+ Ay, € —3{ﬁ2|91‘(i)|}'
i=1

Because the matrix A(&) is of full rank, the sequence {y; + Ay}, k € K converges to a
point § € R™ which satisfies

V.L(%,9,2) = 0,
i e ~o(p3latan).
=1
X2 = pe, #>0,2>0.

This completes the proof because we proved that there exists at least one accumulation
point of {z;}, and for an arbitrary accumulation point Z of {z}}, there exist unique ¢
and Z that satisfy the above. O
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5 Numerical Result

In this section, we report numerical results of an implementation of the algorithm given in
this paper for nonlinear programming problems. We set p = oo in this experiment. The
software is called NUOPT and the code is written by Takahito Tanabe. In order to have an
appropriate positive semidefinite matrix G by a reasonable cost for nonlinear problems, we
resort to a quasi-Newton approximation to the Hessian matrix of the Lagrangian function.
We use updating formula suggested by Powell[7] for the SQP method:

GkSkSZ,Gk ukuz
Gry1 = G —

st Gy sp stuy’
where wu;, is calculated by

Sk = Lkl — Tk,
Vo l(Zrt1; Yets 2k41) — VaL(@r, Y1, 2i41),
up, = Opv, + (1 - gk)GkSka
1, stor, > 0.251 Gy,
Op = _085).Grsi st < 0.251Gysp,

7 7
s, Grsp—sivr’

Uk

to satisfy siuy > 0 for the hereditary positive definiteness of the update.
Method for updating the barrier parameter p; is as follows. Suppose we have an
approximate barrier KKT point wy,y; that satisfies

|7 (why 1y )| < Mepag,
in Step 2 of Algorithm IP. Then g4 is defined by

_ |7 (Wegrs o)l o
7! —maxy-————
hrl M, "M, [’

where 0 < M, < M, and M, > 1 should be satisfied. In our experiment we set
M, = 30, M,, = 40, M, = 50.

As in the SQP method, we expect fast local convergence of the method if p is suffi-
ciently small near a solution because it is based on the Newton iteration for the optimality
conditions and a quasi-Newton approximation to the second derivative matrix. As noted
in the above, this expectation is proved by Yamashita and Yabe [12]. Linear equation (14
) is solved by using the Bunch-Parlett factorization.

The test problems for nonlinear problems are adopted from the book by Hock and
Schittkowski [6]. The results are summarized in Table 1 at the end of this paper. Following
list explains the notations used in Table 1:

n= number of variables.

m=number of constraints.

obj=final objective function value.
res=norm of final KKT condition residual.
itr=iteration count.
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neval= number of function evaluations.
nfact=number of factorizations.

From the textbook [6] we adopt 115 problems. All the problems tried are solved by
our code from the starting point mentioned in the text book. Of these, one is solved by a
separate run because of the reason explained below. Accuracies listed in Table 1 for 110
test problems are obtained by an identical set of parameters:

B =0.5v=0.9995¢ =1 x 107% My, = 2.5, My, = 10, M, = 175.

Of these problems we obtained local optimal points for 7 problems. Problem HS13 does
not satisfy the constraint qualifications, but our code can solve it successfully. However
our code requires large number of iterations for this problem and therefore we list this
result separately. We obtained a correct approximation to the primal variables, but the
norm of Karush-Kuhn-Tucker conditions does not tend to O.

From these experiments it can be said that the method given in this paper is efficient
and stable. In the first consecutive tests for 114 problems the method requires 2576
function evaluations in 2094 iterations. It can be claimed that the globally convergent
algorithm given in this paper is efficient and stable for small dense nonlinear programming
problems.
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Table 1. Numerical Results on Problems by Hock and Schit-
tkowski

problem n m ob] res 1tr neval nfact
HS1 2 1 5.00995e-11 1.0e-07 37 50 37
HS2 2 1 4.94124 3.4e-07 16 18 16  *1
HS3 2 1 6.02158e-08 6.0e-08 11 13 11
HS4 2 1 2.66667 1.6e-08 6 8 6
HS5 2 1 -1.91322 2.2e-08 6 8 6
HS6 2 2 6.0196e-17 2.7e-08 9 11 9
HS7 2 2 -1.73205 5.8e-08 9 15 9
HS8 2 3 -1 1.8e-11 5 8 5
HS9 2 2 -0.5 7.7e-10 6 8 6
HS10 2 2 -1 1.1e-07 13 15 13
HS11 2 2 -8.49846 1.1e-06 7 9 7
HS12 2 2 -30 3.1e-08 9 11 9
HS14 2 3 1.39346 2.2e-09 6 8 6
HS15 2 3 306.5 5.3e-07 9 11 9
HS16 2 3 0.250033 3.4e-07 19 26 19
HS17 2 3 1.00003 2.8e-07 15 19 15
HS18 2 3 5 5.8e-09 14 16 14
HS19 2 3 -6961.81 1.2e-06 10 17 10
HS20 2 4 40.1989 6.3e-07 7 9 7 *1
HS21 2 2 -99.96 6.2e-07 7 9 7
HS22 2 3 1 1.0e-08 7 9 7
HS23 2 6 2 4.9e-07 11 13 11
HS24 2 4 -1 2.5e-07 13 16 13
HS25 3 1 1.81845e-16 1.7e-13 53 63 53 *t
HS26 3 2 2.24353e-11 1.1e-06 27 29 27
HS27 3 2 0.04 3.7e-07 20 22 20
HS28 3 2 3.76506e-17 2.4e-08 10 12 10
HS29 3 2 -22.6274 3.5e-07 14 17 14
HS30 3 2 1 3.7e-07 13 16 13
HS31 3 2 6 1.1e-06 7 9 7
HS32 3 3 1.00001 4.9e-07 9 11 9
HS33 3 3 -4.58579 2.1e-07 17 23 17
HS34 3 3 -0.834032 1.2e-06 9 11 9
HS35 3 2 0.111111 2.5e-07 8 10 8
HS36 3 2 -3300 1.2e-07 8 11 8
HS37 3 3 -3456 1.2e-07 8 10 8
HS38 4 1 6.42044e-07 8.7e-07 34 41 34
HS39 4 3 -1 1.8e-07 12 14 12
HS40 4 4 -0.25 2.4e-07 6 8 6
HS41 4 2 1.92593 1.5e-07 9 11 9
HS42 4 3 13.8579 1.8e-08 6 8 6
HS43 4 4 -44 4.1e-07 8 10 8
HS44 4 7 -15 5.5e-07 12 15 12
HS45 5 1 1 2.4e-07 13 15 13
HS46 5 3 5.66038e-10 1.3e-06 24 26 24
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problem n m ob] res 1tr neval nfact
HS47 5 4 1.72265e-09 1.0e-06 22 27 22
HS348 5 3 9.18249e-12 5.7e-07 10 12 10
HS349 5 3 2.74891e-07 2.1e-07 28 30 28
HS50 5 4 1.94337e-10 3.9e-08 19 21 19
HS51 5 4 1.0279e-19 3.5e-07 3 5 3
HS52 5 4 5.32665 8.6e-09 8 10 8
HS53 5 4 4.09302 1.7e-07 7 9 7
HS54 6 2 -0.867409 1.1e-07 39 46 39
HS54 6 2 -0.903547 3.7e-11 80 87 80 *1t
HS55 6 7 6.66667 1.2e-08 7 9 7 %1
HS56 7 5 -3.456 4.1e-07 9 15 9
HS57 2 2 0.0284597 2.6e-11 34 36 34  xt
HS59 2 4 -6.7495 4.3e-07 18 27 18 %1
HS60 3 2 0.0325682 5.7e-08 8 10 8
HS61 3 3 -143.646 2.1e-09 7 9 7
HS62 3 2 -26272.5 4.3e-08 8 12 8
HS63 3 3 961.715 5.5e-08 8 10 8
H364 3 2 6299.85 1.1e-06 29 31 29
HS65 3 2 0.953529 1.8e-07 15 17 15
H366 3 3 0.518163 2.7e-07 8 10 8
H367 3 15 -1162.12 1.1e-09 31 33 31  *b
H368 4 3 -0.920425 9.5e-07 21 25 21
HS69 4 3 -956.713 4.8e-07 14 20 14
HS70 4 2 0.269086 1.2e-07 10 12 10 *1
HS71 4 3 17.014 1.1e-06 8 10 8
H372 4 3 727.679 1.3e-06 43 49 43
HS73 4 4 29.8944 1.0e-07 12 16 12
HS74 4 6 5126.5 1.2e-06 11 13 11
HS75 4 6 5174.41 1.4e-10 12 20 12
HS76 4 4 -4.68182 1.0e-06 8 10 8
HS77 5 3 0.241505 9.2e-07 10 12 10
HS78 5 4 -2.9197 1.4e-06 7 9 7
HS79 5 4 0.0787768 1.3e-06 8 10 8
HS80 5 4 0.0539498 1.2e-07 6 8 6
HS81 5 4 0.0539498 9.0e-09 10 12 10
HS83 5 4 -30665.5 6.8e-09 16 21 16
H384 5 4 -5280330 3.0e-10 21 25 21
H385 5 22 -2.2156 9.8e-07 35 41 35 *b
H386 5 11 -32.3487 2.2e-07 12 14 12
H387 6 5 8927.6 6.4e-07 28 45 28
H388 2 2 1.36266 6.9e-07 22 30 22
H389 3 2 1.36266 7.0e-07 23 32 23
HS90 4 2 1.36266 1.6e-09 29 45 29
HS91 5 2 1.36266 5.9e-07 25 43 25
HS92 6 2 1.36266 9.9e-07 26 45 26
HS93 6 3 135.076 7.3e-07 29 34 29
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problem n m obj res 1itr neval nfact
HS95 6 5 0.0156327 7.0e-08 13 16 13
H396 6 5 0.0156272 2.5e-07 12 17 12
H397 6 5 3.13581 2.8e-07 22 26 22
HS98 6 5 3.13583 1.3e-07 20 24 20
H399 7 3 -8.3108e+08 2.2e-07 10 12 10
H3100 7 5 680.63 1.3e-06 16 18 16
HS101 7 6 1809.76 6.1e-07 25 28 25
HS102 7 6 911.881 2.8e-07 27 34 27
HS103 7 6 543.668 5.0e-07 26 32 26
HS104 8 6 3.95116 1.7e-07 19 21 19
HS105 8 2 1044.61 3.6e-07 56 64 56 *b
HS106 8 7 7049.25 1.1e-07 39 42 39
HS107 9 7 5055.01 1.1e-06 10 13 10
HS108 9 14 -0.674981 1.4e-06 62 67 62 *1
HS109 9 11 5362.07 8.4e-07 21 23 21
HS110 10 1 -45.7785 4.1e-08 6 10 6
HS111 10 4 -47.7611 1.2e-06 57 64 57
HS112 10 4 -47.7611 8.4e-07 17 23 17 *b
HS113 10 9 24.3062 6.5e-07 25 27 25
HS114 10 12 -1768.81 7.5e-08 47 54 47
HS116 13 15 97.5875 2.6e-07 82 94 82
HS117 15 6 32.3487 4.4e-07 36 43 36
HS118 15 18 664.82 1.4e-08 34 54 34
HS119 16 9 244.9 5.6e-07 28 30 28
TOTAL(114 prob.) 2094 2576 2094
AVERAGE 4 4 4.2e-07 18.4 22.6 18.4
HS13*c 2 2 1.01967 2.1e+02 101 108 100 *1

*1: local optimum obtained

*t: tighter convergence criterion (eps=1

*b: better solution obtained
*¥1: 1lteration limit reached

.e-10) needed

*c: constraint qualification not satisfied

21



References

[1]

2]

3]

[4]

[5]

[6]

7]

8]

[9]

[10]

[11]

[12]

[13]

R.H.Byrd, J.C.Gilbert and J.Nocedal, (1996) A t¢rust region method based on interior point
techniques for nonlinear programming, Technical Report OTC 96/02, Optimization Tech-
nology Center, Argonne National Laboratory

R.H.Byrd, G.Liu and J.Nocedal, (1998) On the local behaviour of an interior point method
for nonlinear programming, in Numerical Analysis 1997, D.F.Griffiths, D.J.Higham and
G.A.Watson eds. (Longman), 37-56.

A.S.El-Bakry, R.A.Tapia, T.Tsuchiya and Y.Zhang, (1996) On the formulation and theory
of the Newton interior-point method for nonlinear programming, Journal of Optimization
Theory and Applications, 89, 507-541.

A.V.Fiacco and G.P.McCormick, (1968) Nonlinear Programming: Sequential Uncon-
strained Minimization Technique (John Wiley and Sons)

R.Fletcher (1987) Practical Methods of Optimization, Second Edition (John Wiley and
Sons)

W.Hock and K.Schittkowski, (1981) Test Ezamples for Nonlinear Programming Codes,
(Springer-Verlag)

M.J.D.Powell (1978) A fast algorithm for nonlinearly constrained optimization calcula-
tions, in Numerical analysis, Dundee 1977 Ed. G.A . Watson, Lecture notes in Mathematics
630 (Springer-Verlag)

J.-P.Vial (1994) Computational experiences with a primal-dual interior-point method for

smooth convex programming, Optimization methods and Software 3 285-310.

H.Yabe and Y.Yamashita, (1997) Q-superlinear convergence of primal-dual interior point
quasi-Newton methods for constrained optimization, Journal of the Operations Research
Society of Japan, 40 415-436.

H.Yamashita (1981) Convergence conditions for optimization methods, in The Newton
Method and Related Topics, eds. T.Yamamoto and K.Tanabe (Kinokuniya Book-Store Co.)
77-104.

H.Yamashita (1992) A globally convergent primal-dual interior point method for con-
strained optimization, Technical Report, Mathematical Systems Institute Inc.

H.Yamashita and H.Yabe (1996) Superlinear and quadratic convergence of primal-dual
interior point methods for constrained optimization, Mathematical Programming 75 377-

397.

H.Yamashita, H.Yabe and T.Tanabe, (1997) A globally and superlinearly convergent primal-
dual interior point trust region method for large scale constrained optimization, Technical

Report, Mathematical Systems, Inc.

22



