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Abstract

In this paper, we consider a primal-dual interior point method for solving non-
linear semidefinite programming problems. We propose primal-dual interior point
methods based on the unscaled and scaled Newton methods, which correspond to
the AHO, HRVW/KSH/M and NT search directions in linear SDP problems. We
analyze local behavior of our proposed methods and show their local and superlinear
convergence properties.

Key words. nonlinear semidefinite programming, primal-dual interior point method,
local and superlinear convergence

1 Introduction
We consider the following nonlinear semidefinite programming (SDP) problem:

(1) minimize  f(x), x € R",
subject to  g(x) =0, X(z)>=0

where the functions f : R® - R, g : R® — R™ and X : R" — SP are sufficiently smooth,

and SP denotes the set of p-th order real symmetric matrices. By X (x) = 0 and X (z) > 0,

we mean that the matrix X (z) is positive semidefinite and positive definite, respectively.
If all the functions f and g are linear and the matrix X (x) is defined by
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with given matrices A; € SP,i = 1,...,n, and B € SP, then problem (1) reduces to the
linear SDP problem. The linear SDP problems include linear programming problems,
convex quadratic programming problems and second order cone programming problems,
and they have many applications. As numerical methods for linear SDP problems, interior
point methods have been studied extensively by many researchers, see for example [19, 22]
and the references therein.

On the other hand, researches on theoretical properties and numerical methods for
nonlinear SDP are much more recent. Nonlinear SDP problems also have been attracting
a great deal of research attention, because such problems arise from several application
fields, which include control theory, eigenvalue problems, finance and so forth. For this
reason, it is desired to develop a numerical method for solving nonlinear SDP problems.
Recently Yamashita, Yabe and Harada [23] proposed a primal-dual interior point method
for solving problem (1) and proved its global convergence. Their computational experi-
ments show that the proposed method performs well in practice.

In this paper, we analyze local behavior of primal-dual interior point methods based
on the unscaled and scaled Newton methods, which correspond to the AHO direction [1],
the HRVW /KSH/M direction [7, 10, 12] and the NT direction [13, 14] in the linear SDP
problems. Researches on the rate of convergence of the primal-dual interior point methods
for linear SDP problems can be found in [8, 9, 10, 11, 15]. However, in our knowledge,
there are few similar researches for nonlinear SDP problems. Existing literatures include
[5] and [6] both of which analyze SQP type method.

The present paper is organized as follows. In Section 2, the optimality conditions for
problem (1) and some notations are described. In Section 3, we briefly review the primal-
dual interior point method proposed by Yamashita et al. [23], and introduce the AHO,
HRVW/KSH/M and NT directions. In Section 4, we present some definitions that are
necessary for analysis in the subsequent sections. Sections 5 and 6 are devoted to showing
local and superlinear convergence properties of our proposed methods. Specifically, in
Section 5, we prove local and superlinear convergence of the primal-dual interior point
method based on the unscaled Newton method, which corresponds to the AHO search
direction. In Sections 6.1 and 6.2, we prove local and two-step superlinear convergence
properties of the primal-dual interior point methods based on the scaled Newton methods,
which correspond to the HRVW/KSH/M and the NT search directions, respectively.

2 Optimality conditions and notations

In this section, we define some notations used in this paper, and we give optimality
conditions for problem (1).

We first define the inner product (X, Z) by (X, Z) = tr(XZ) for any matrices X and
Z in SP, where tr(M) denotes the trace of the matrix M. Let the Lagrangian function of
problem (1) be defined by

L(w) = f(z) —y" g(x) — (X(2), Z),

where w = (x,y,7Z), and y € R™ and Z € SP are the Lagrange multiplier vector and matrix
which correspond to the equality and positive semidefiniteness constraints, respectively.



We also define matrices
0X

for i =1,...,n. Then Karush-Kuhn-Tucker (KKT) conditions for optimality of problem
(1) are given by the following (see [4]):

Ai(z)

V.L(w) 0
(2) row)=1| g(x) | =10
X(x)Z 0
and
(3) X(x)=0, Z=0.

Here V,L(w) is given by
Vol(w) = Vf(z) = Ao(z)"y — A(2)Z,

Vgi(z)"
Ao(z) = : e Rm™"
Vg ()"
and A*(x) is an operator which yields
(Ai(2), Z)
A" (2)Z = :
(An(2), Z)

We call w = (z,y, Z) satisfying X (z) > 0 and Z > 0 the interior point. The algorithm
of this paper will generate such interior points. To construct an interior point algorithm,
we introduce a positive parameter p, and replace the complementarity condition X (x)Z =
0 by X(z)Z = pul, where I denotes the identity matrix. Then we try to find a point that
satisfies the barrier KKT (BKKT) conditions:

V. L(w) 0

(4) r(w,p) = 9(z) =10

X(z)Z — pul 0

and
(5) X(z) >0, Z = 0.
To obtain a symmetrized form, we use the multiplication X (z) o Z as follows
X(x)Z+7ZX
X()oz = X&) ;r @),

which will be used in the Newton method discussed later. It is known that X (x)oZ = ul
is equivalent to the relation X(x)Z = ZX(z) = ul for any p > 0. By using this
multiplication, we also define the notation rg(w) by

V.L(w)

(6) rs(w, p) = g(x) :
X(z)oZ —pul
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and we denote rg(w, 0) by rog(w).
For U € SP, nonsingular P € RP*P and () € RP*P| we define the operator

(PoQ)U = %(PUQT +QUPT)

and the symmetrized Kronecker product

(P ®s Q)svec(U) = svec((P ® Q)U),
where the operator svec is defined by

svec(U) = (Ui, V2Uar, . .., V2Up1, Us2, V2Uss, . ..,V 2Upa, Uss, . .., Up) " € REPTD/2

We note that, for any U,V € SP,

(U, V) = tr(UV) = svec(U) svec(V)
and

1Ul[r = llsvec(U)]l2

hold.

In the following, (v); denotes the i-th element of the vector v. Let {a;} and {bs}
be sequences of vectors or matrices. If there exists a positive constant &, such that
|lax|| < &||bx|| for all & and for some vector norm or some matrix norm, then we write
ar = O(||bx]|). If there exist positive constants &; and & such that & ||bg|| < [Jar|] < &l bkl
for all k, then we write ay = O(]|bg|]). If ||ax|| — O, ||bx]| — 0 and ||ag||/||bx|| — 0, we write
ar = o(||b||). For vectors v, vy, vy and matrices G, G, Ga, if v = vy + v with ||vs]| = O(h)
or G = G1+ Gy with ||Ge|| = O(h), we write v = v1 +O(h) or G = G1+O(h) respectively.

3 Algorithm for finding a KKT point

In this section, we briefly describe a procedure for finding a KKT point by using the
BKKT conditions (4) and (5). We define the norms ||r(w, u)|| and ||rs(w, p)|| by

”W“—JH (7.1
st = | Vit

respectively, where || - ||2 denotes the Iy norm for vectors and || - || r denotes the Frobenius
norm for matrices. We also note that ||rg(w,u)|| < ||r(w,p)|| is satisfied because of
| X(x)o Z — pl||p < || X(2)Z — pl||r. In what follows, we denote X (z) simply by X if it
is not confusing.

In the paper [23], the authors used the following algorithm SDPIP as an outer iteration
for solving the nonlinear SDP problem (1).

Algorithm SDPIP

+ 1X(2)Z = pl|%

and

2
+ [ X(x) 0 Z = pl|%,




Step 0. (Initialize) Set ¢ > 0, M, > 0 and k = 0. Let a positive sequence {ug},ux | 0
be given.

Step 1. (Termination) If ||7(wg)|| < e, then stop.

Step 2. (Approximate BKKT point) Find an interior point wy,; that satisfies the ap-
proximate BKKT condition

7 (wrs1s )| < M.

Step 3. (Update) Set k := k4 1 and go to Step 1. O

In Step 2 of Algorithm SDPIP, an approximate BKKT point can be found by applying
the Newton-like method. Asin the case of linear SDP problems, we define a scaling matrix
T € RP*P and scale the primal-dual pair (X (x), Z) by

X=TXT" and Z=TTzT7!

respectively. Let the Newton directions for the primal and dual variables by Az € R"
and AZ € SP, respectively, at the point w. We define AX = >"" | Az;A;(x) and note
that AX € SP. We also scale AX and AZ by

AX = TAXTT and AZ=TTAZT

Following [23], we consider the following scaled Newton equations

(7) V2L(w)Az — Ag(x)" Ay — A*(2)AZ = —V.L(z,y,2)
(8) Ao(z)Az = —g(x)
(9) %m”z L ZAX + RAZ £ AZX) = ul - %@2 +Z%).

We denote the Newton equations above by
(10) Js(w)Aw = —Fs(w, ),

where Jg(w) is a linear operator from R" x R™ x SP to R™ x R™ x SP and Fg(w, 1) is
obtained from (6) by replacing X o Z by X o Z. If we choose T = I , we call the above
equations the unscaled Newton equations and use Jg(w) instead of Jg(w) in this case.

By using the operator ® defined in Section 2, the matrices X , Z , AX and AZ can be
represented by

X=TonX, Z=TTor T2,
AX =(TOT)AX and AZ=(TToT HAZ
We note that equation (9) can also rewritten by the expression

(ZONDAX +(XONAZ =pul —X o Z.
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Thus, by using the operator svec and the symmetrized Kronecker product, the Newton
equations (7) — (9) are represented by the form

V2L(w) —Ag(z)T —A(x)T Az
w [ A o o Ay
(Z @5 I)(T ®sT)A(x) 0 (X@s )(TTosTT) svec(AZ)
—V.L(z,y,2)
= —g9(z) |,

svec(pl — X o Z)

where

A(z) = [svec(Ay(x)), ..., svec(A,(x))] € RPEHD/2xn,

We use the same notation Jg(w) for the coefficient matrix in (11) for convenience. In
particular, we denote Jg(w) by Jg(w) in case of T = 1.
In [23], it is shown that the direction AZ € SP is given by the form

AZ=puX'—Z—-(Xol) (ZoI)AX,
or equivalently
(12) AZ=pX"'—Z - T o0THNX o) (ZoI)(ToT)AX,
and the directions (Ax, Ay) € R" x R™ satisfy

( V%%@H —Aoo(x)T ) ( i?j ) - ( Vf(x) —AO(;C_)QT(Z{E)_ A () X1 )

where the elements of the matrix H are represented by the form
(13) Hy = (Ai(@), (X 0 D (Z 0 D))

with A;(z) = TA(z)TT.
In [23], the authors also proposed the primal-dual merit function

(14) F(;U,Z) IFBP(SL’)—FVFPD(;C,Z)
with

Fgp(z) = f(z)— plog(detX) + pllg(z)ll1,
Fpp(x,Z) = (X,Z) — plog(detXdetZ),

where v and p are positive parameters and ||g(x)||; denotes the [;-norm of g(x), and
they proved the global convergence property within the line search strategy under the
assumption that the scaling matrix 7" was chosen so that XZ = ZX was satisfied.

In this paper, we are interested in the local behavior of the above Newton method.
For this purpose, we consider the three kinds of choices of the scaling matrix 7', which
are given as follows:



Choices of T
(i) We first consider the choice T' = I, which corresponds to the AHO direction for linear
SDP problems [1]. We will discuss its superlinear convergence property in Section 5.

(ii) If we set T = X /2, then we have X =T and Z = X'/2Z X2 which corresponds to
HRVW/KSH/M direction for linear SDP problems [7, 10, 12]. We will discuss its two-step
superlinear convergence property in Section 6.1.

(iii) If we set T = W12 with W = XV2(X2ZX'Y2)~1/2X1/2 then we have X =
W-V2XW-Y2 = WY2ZWVY2 = Z. which corresponds to the NT direction for linear
SDP problems [13, 14]. We will discuss its two-step superlinear convergence property in
Section 6.2.

4 Preliminaries for analysis of local behavior

In this section, we briefly present some definitions that are necessary for analysis of local
behavior of our proposed methods.

First we introduce the definitions of the stationary point, the Mangasarian-Fromovitz
constraint qualification condition, the quadratic growth condition, the strict complemen-
tarity condition and the nondegeneracy condition, and then we give the second order
necessary / sufficient conditions for optimality. More comprehensive description can be
found in [2, 16, 17].

A point z* is said to be a stationary point of problem (1) if there exist Lagrange
multipliers (y, Z) such that (z*,y, Z) satisfies the KKT conditions (2) and (3). Let A(x*)
denote the set of Lagrange multipliers (y, Z) such that (z*,y, Z) satisfies the KKT condi-
tions. We say that the Mangasarian-Fromovitz constraint qualification (MFCQ) condition
holds at a point z* if the matrix Ag(z*) is of full rank and there exists a nonzero vector
v € R" such that

Ap(z")v =0 and X(z")+ Z%‘Az‘(iﬂ*) -0
i=1

The second order necessary condition for local optimality of x* under the MFCQ
condition is given by

sup  hT(V2L(2x*,y, Z) + H(z*, Z))h > 0
(y,2)eA(z*)

for all h € C(z*). Here H(x, Z) is a matrix whose (i, j)-th element is
(15) (H(w, Z));j = 2t2(Ai(2) X (2)" 4, () Z)

and 1 denotes the Moore-Penrose generalized inverse, and C(z*) denotes the critical cone
of (1) at x*, which is defined by

C(z*) = {h | Ag(z")h =0, ZhiAi(x*) € Ty (X (27)), Vf(2*)Th = 0} :



and Tgr (X (2*)) denotes the tangent cone of S” at X (z*), which is defined by
Tse (X (2%)) = {D | dist(X (z*) +¢tD,St) = o(t), t > 0},

where dist(P,S%) = inf{||P — Q||r, @ € S}, and S¥. denotes the set of p-th order sym-
metric positive semidefinite matrices.

It is said that the quadratic growth condition holds at a feasible point x* of problem
(1) if there exists ¢ > 0 such that the following inequality holds

fl@) = f(2") +clle — 273

for any feasible point x in a neighborhood of z*. The quadratic growth condition implies
that * is a strict local optimal solution of problem (1). Suppose that the MFCQ condition
holds. Then the quadratic growth condition holds if and only if the following second order
sufficient conditions for optimality are satisfied

(16) sup  hT(VEL(2",y, Z) + H(z*, Z))h > 0
(y,2)eA(z*)

for all h € C(z*)\{0}.
We say that the strict complementarity condition holds at x* if there exists (y*, Z*) €
A(z*) such that
rank(X (z*)) +rank(Z*) =p

is satisfied. Since the matrices X (z*) and Z* commute, they can be simultaneously
diagonalized. Thus if the strict complementarity condition holds at z*, we can assume
without loss of generality that the matrix X (z*) and Z* are represented by

o [ X5 O « (0 0
(17) X(a:)(o O) and Z(OZ}Q)
respectively, where X}, and Z3, are diagonal and positive definite matrices with rank(X5)+
rank(Zy) = p. Corresponding to (17), we partition the matrices X (z) and Z as

X(m):())gg :i((][\][) and Z:(?g Zl\][)

in the neighborhood of w* = (z*, y*, Z*). Similarly, we partition the matrix A;(x) as

e =( 2 )

for 2 = 1,...,n. Then the critical cone at 2* can be specifically represented by

C(z*) = {h | Ap(z*)h =0, > hiAyi(a*) = 0} .
i=1
We say that the nondegeneracy condition holds at x* if the n dimensional vectors

(An1(x*))ss

Vgi(x*),i=1,...,m and

(Ann(z))is
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are linearly independent, where |N| denotes the size of Z}. If the strict complementarity
condition holds at z*, then A(z*) is a singleton if and only if the nondegeneracy condition
is satisfied. It is known that the nondegeneracy condition is stronger than the MFCQ
condition, i.e., if the nondegeneracy condition holds at x*, then the MFC(Q condition also
holds at z*.

Throughout this paper, we make the following assumptions.

Assumptions

(A1) The second derivatives of the functions f, g;,i = 1,...,m, and X are Lipschitz
continuous at z*.

(A2) The second order sufficient condition (16) for optimality of problem (1) holds at
x*.

(A3) The strict complementarity condition holds at x*.

(A4) The nondegeneracy condition is satisfied at x,.
O

We note that the set A(z*) becomes a singleton, i.e., A(z*) = {(y*, Z*)}, under as-
sumptions (A3) and (A4). In the following, we denote a KKT point (z*,y*, Z*) by w*.

Under assumptions (A1)-(A4), we can show the nonsingularity of the matrix Jg(w) at
w* as follows.

Theorem 1 Suppose that assumptions (Al)-(A4) hold. Then the matriz Js(w*) is non-
singular.

Proof. We prove this theorem by showing that Jg(w*)Aw = 0 implies Aw = 0 for
Aw = (Az, Ay, AZ)T € R" x R™ x SP instead of showing that

Az 0
Jg(w*) Ay = 0
svec(AZ) 0

implies that (Az, Ay, svec(AZ))T = (0,0,0)7, because they are equivalent. For this
purpose, we consider the linear system of equations

(18) V2L(w*)Ax — Ag(z*) Ay — A*(2*)AZ
(19) Ag(z") Az = 0
(20) AXZ*+ Z*AX + X*AZ + AZX* = 0,

n

where AX = Z(Ax)ZAZ(x*) Following (17), we define diagonal and positive definite

i=1
matrices X5 and Z3%, and we denote AX and AZ by

. AXB AXU o AZB AZU
AX = ( AXE AXy ) and - AZ = ( AZE AZy )

9



Then equation (20) can be written by the form

1) XpAZp+ ANZpXy AXyZi+ XpAZy \ 0
TAXE+AZEXS AXNZH+ ZAXy )
Since
X IAZpXy = —AZp = —AZL = X AZp(X5) 7L
B B B B
we have

AZp(X5) = (X5)*AZp,

which implies that AZgX}, = X5AZp. Thus the (1,1) block of equation (21) yields
AZp = 0. Similarly we have AXy = 0 from the (2,2) block of (21), which implies that

Z(Am)iz‘lm(af*) = 0. Since Ag(z*)Ax = 0 is satisfied, we have Az € C(z*).
i=1
Furthermore by the (1,2) block of (21), we obtain
(22) AZy = —(X35) TAXyZy.
By premultiplying (18) by Axz” and using (19), we have
(23) A" V2 L(w*)Ar — Azt A*(2*)AZ =0
Since the following relations hold
Axt A*(2)AZ = tr(AXAZ)
- AXB AXU 0 AZU
- Mlaxt oo AZT AZy
= 2tr(AXyAZL),
equation (22) implies
AxT A*(2*)AZ = —2tr(AXy Zn AXE (X5) ).
On the other hand, the definition of H(z, Z) in (15) gives
AzTH(z*, Z)Ax = 2 Z Z tr(A;(z*) X (2*) A () Z%) (Az)i(Az);
i=1 j=1
= 2tr(AXX(2*)AXZ%)
9t 0 AXB(XE)_IAXUZXI
- U0 AXT(XE)TIAXyZ
= 2tr(AXyZRAXE(XE) Y.

Then equation (23) yields

AT (ng(w*) v H (", Z*)) Az = 0.
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Since Az € C(x*), the second order sufficient condition (16) yields Az = 0, which implies
AZy = 0. By (18), we have

Ao(@®)T Ay + A*(z) ( 00 ) 0,

which implies that

m IN| (An1(x7))i)
D (Ay)iVai(x) + > (AZy);i : =0,
= b=l (Ann(2"))ij

0 0

0 AZy
Zg'zl(ANl(m*))ij(AZN)ﬂ. Thus the nondegeneracy condition yields Ay = 0 and AZy =
0. Therefore we obtain (Az, Ay, AZ) = (0,0,0), and then we prove the theorem. O

because the [ -th element of the vector A*(z") ( > is given by tr( Ay (z*)AZyN) =

In the following, we will discuss local behavior of the unsymmetric residual rq(w) in
(2) or r(w, u) in (4). For this purpose, we define a linear operator J : R" x R™ x SP —
R™ x R™ x RP*P at w by

V2L(w)Ax — Ag(x)T Ay — A*(2)AZ
J(w)Aw = Ao(x)Az
AXZ + XAZ

for Aw = (Az, Ay, AZ) € R" x R™ x SP, which is an estimate of the first order change of
ro(w + Aw) or r(w + Aw, u). We note that J(w)Aw can be represented by the matrix-
vector form:

V2 L(w) —Ag(2)T —A(x)T Ax
(24)  J(w)Aw = Ap(x) 0 0 Ay ,
(Z @ I)MT A(x) 0 (I X)MT svec(AZ)

where Z® I € RP*P* and I @ X € RP**P* denote the Kronecker products of Z and I, and
I and X, respectively, and M is an p(p + 1) X p? matrix such that Mvec(U) = svec(U)
and M7svec(U) = vec(U) hold for all U € SP (see Appendix of [20]). Here the operator
vec is defined by

vee(U) = (Up, Un, . .., Uy, Us, ..., Uyp)T € RY.

We also use the same notation J(w) for the rectangular coefficient matrix in (24) for
convenience.

In the same way as the proof of the preceding theorem, we can show the nonsingularity
of the linear operator J(w) at w*.

Corollary 1 Suppose that assumptions (A1)-(A4) hold. Then the matriz J(w*) is left
invertible.
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We note that the related analysis can be found in [3] and [18].

The following lemma will be a useful tool in the subsequent sections.

Lemma 1 Suppose that assumptions (Al)-(A4) hold and that w is sufficiently close to
w*. Let p be zero or a sufficiently small positive number. Then there exists a continuously
differentiable function w(p) = (z(w), g(pn), Z(pn)) such that

(25) w(0) = w*,  r(w(p),p) =rs(w(p),n) =0 for p>0,
and
(26) X(pu) =0 and Z(u) =0 for p>0,

where X (1) = ) _(2(1))iAi(@(w))-
i=1
Furthermore, if w is sufficiently close to w(u), then the following relation holds

(27)  r(w,p) =O(|lw—w(w)|) and rg(w,u)=0O(|w—w(u)|) for p=>0.

Proof. Since Jg(w*) is nonsingular by Theorem 1, the implicit function theorem and
assumption (A1) guarantee (25), and Jg(w(u)) is nonsingular. Furthermore, the facts
X(u)Z(p) = pl, X(0) = X(z*) and Z(0) = Z* guarantee (26), where X (z*) and Z* are
defined in (17).

It follows that

rs(w,p) = rs((p),p) + Js(w(p)(w —w(m) + O([lw — w(w)|*)
= Js(@(p))(w — w(p)) + O(llw — o (1) |*),

and then the nonsingularity of Jg(w(u)) guarantees rg(w, 1) = O(||lw —w(w)||). Similarly
we obtain r(w, u) = O(|Jw — w(w)||).
Therefore the proof is complete. O

g

We note that the preceding lemma also implies ro(w) = O(]|ros(w)]|]).

5 Superlinear convergence of unscaled Newton method

In this section, we consider the local behavior of the unscaled Newton method, which is
the case T, = I. Then the Newton equations (10) can be represented by

(28) Js(w)Aw = —rg(w, p).

In the following, we present our algorithm and show its superlinear convergence prop-
erty.

Algorithm unscaledSDPIP

Step 0. (Initialize) Set ¢ > 0 and 0 < 7 < 1. Choose wy € R™ x R™ x SP (X (z¢) >
0, Zo = 0). Set k = 0.

12



Step 1. (Termination) If ||7(wg)|| < e, then stop.

Step 2. (Newton step) Choose a barrier parameter py such that

(29) pe = &illro(wr) |7

with & = O(1). Calculate the direction Awy, by solving the Newton equations (28).
Set wy1 = wy + Awy.

Step 3. (Update) Set k := k4 1 and go to Step 1.

By Theorem 1, if the iterate wy, is sufficiently close to w*, the Jacobian matrix Jg(wy)
is nonsingular and its inverse is uniformly bounded. Thus the Newton equations have a
unique solution and the following relations hold

(30) Awy, = O([|rs(we, pu)l]) = O(llros (wi) 1) + O(ur) = O([|ro(wi)l)),

where the last equality can be obtained by equation (29).
We give a lemma which plays an important role in showing superlinear convergence
property of Algorithm unscaledSDPIP.

Lemma 2 Suppose that assumptions (Al)-(A4) hold. Assume that w is an interior
point which s sufficiently close to w* and satisfies the approximate BKKT condition
|lr(w, u_)|| < Mep— for a given positive number p_, where M, is a constant satisfying
0< M. <1. Let u be a positive number defined by

p=Ellro(w)|"*"

with & = O(1), where T is a constant satisfying 0 < 7 < 1. If Aw satisfies the Newton
equations (28), then the new iterate w + Aw satisfies

(31) Ir(w+ Aw, p)|| < My, X(z+Az)>=0 and Z+ AZ > 0.

Proof. Let the eigenvalues of the matrix X (z +aAx)o(Z+aAZ) be Ai(a) < ... <\ (a)
for any a € [0, 1]. Since AX = O(]|ro(w)]]) and AZ = O(]|ro(w)||) hold by (30), we have

X(z+alAz)o(Z+alAZ) = (X(x)+aAX +a*O(||ro(w)]|?)) o (Z + aAZ)
= X(@)oZ+a(AX oZ+ X(z) o AZ) + a*O(||ro(w)|?)
— X(2)o Z +alul - X(2) 0 Z) + a*O(|ro(w) )
= (1-a)X(2)o Z +apl +a*O([[ro(w)]*).

Thus we have that

| X (z + aAz) o (Z +aAZ) — (1 — a)pu— + ap)l||r
<(1—a)|X(x) 0 Z — p_I||p +a?O(||ro(w)|)
< (1—a)||X(2)Z — p_I||r + a®O(|ro(w)|?)
< (1= @) Mepi— 4 &*O([Jro(w)]?)
<

(32) M((1 = a)p- + ap).

13



The last inequality follows from the definition of . By combining (32) and the following
relation

IX(x +adz)o (Z +aAZ) — (1= a)u_ + [z = 3 i) = (1 — )+ ap))?,

=1

we have
Ni(@) = (1 —a)p_ +ap)* < M (1 —a)u_ +ap)* for i=1,...,p.
Then we obtain
0<(1—=M)N1—a)pu—+au) <X(a) for i=1,...p.

Thus the matrix X (z + aAx)o(Z 4+ aAZ) is symmetric positive definite for all a € [0, 1].
Since the matrices X (x) and Z are symmetric positive definite, the above results imply
that the matrices X (x + aAx) and Z + aAZ are also symmetric positive definite for all
a € [0, 1]. This guarantees that w + Aw is an interior point.

It follows from the Newton equation and equation (30) that

Irs(w + Aw, p)l| = O([[rs(w, 12) + Js(w)Aw + O(|| Aw|[*)[])
= O(l|aw]*)
= O(llro(w)[I*).

Thus Lemma 1 yields

[r(w + Aw, p)]| = O(lro(w)|]*)
= o(|lro(w)'*7)
= o(u)
< Mep,
which proves (31).
Therefore the proof of this theorem is complete. O

We note that in the previous lemma, a positive number p_ can be arbitrarily chosen.
Now we show the superlinear convergence of Algorithm unscaledSDPIP in the following
theorem.

Theorem 2 Suppose that assumptions (Al)-(A4) hold. Assume that an initial inte-
rior point wqy s sufficiently close to w* such that the approzimate BKKT condition
|7 (wo, p—1)|| < Mep—y is satisfied for given p_y > 0 and 0 < M, < 1. Then the se-
quence {wy} generated by Algorithm unscaledSDPIP satisfies

(33) 7 (wgy pr—1)|| < Mepg—1, X(zx) =0 and Zp >0

for all k > 0 and converges locally and superlinearly to w*.

14



Proof. To prove this theorem by the mathematical induction, we assume that (33) holds
at wg. Then it follows directly from Lemma 2 that the next point wy; also satisfies (33).
Thus we have

0
[ro(wern) || = (|7 (wisr, ) + | 0 < (M + V).
e
Similarly we have
0
7o (wr41) | = 0 = |l (wirr, ) | = (Ve — M) .
fud
The above two inequalities and (29) imply that
[[ro(wi1)]] = O(|[ro(wy) 7).

It follows from (27) and (30) that if wy, is sufficiently close to w*, then the following hold

[wpr — '] < flwg — || 4[| Awg|
[[wr, — w™|| + O([|ro(w))
= O(flwr — w|).

Thus w41 is also sufficiently close to w*, and we obtain by (27)
lwiss = wll = Ollro(wisa) ) = Ollro(wi)[77) = O(flw — w™[|77).

Therefore the local and superlinear convergence property is proved. O

6 Two-step superlinear convergence of scaled New-
ton method

In this section, we discuss local and superlinear convergence properties of interior point
methods that use the scaled Newton equations. Specifically we show local and two-step
superlinear convergence properties of two kinds of primal-dual interior point methods
which use the HRVW/KSH/M and the NT directions.

We first prove the following lemma that estimates the inverse matrices of X (x) and
Z.

Lemma 3 Suppose that assumptions (A1) — (A4) hold and that w is an interior point
which is sufficiently close to w*. Assume that ||r(w, n)|| = o(u) is satisfied for a positive
number . Then the following relations hold

o= (3 %)= (5 80
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Proof. Since X (z) and Z are sufficiently close to X (z*) =
respectively, it is clear that Xp = ©(1) and Zy = ©(1). Since the following hold

w—w" = J(w) ro(w) + O(ljw — w|?)
= O(llr(w, wll) + O(x) + O([w — w*[]*)
= O(u) + O(flw —w|*),

we have

and then we obtain
K= (80 90w oo (S0 90,

It follows from the relation r(w, u) = o(u) that
XpZp + XuZE — pul = o(p),

which yields
XBZB = ,LLI +O</J)

Thus we obtain
Zp = pXp' +o(u) = O(n).

Similarly we have

Therefore we obtain

_( e) Ow) wd 7~ ©w) O
X@‘<ow>mm> adZ‘(O(u) mn)'

Next we estimate the inverse matrices X (x)~! and Z~!. Setting
R= Xy — X} X3"' Xy,
we have
X'+ X Xy RIXEX G X' Xy R
—RIXTX;! Rl :
Noting that R = O(u) + O(1)O(¢?) = O(p) and then R™! = ©(

L (e 08 8o \ (e
X(@) ‘( (i 1)0() o) )‘(om
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(e

O)and Z*:(

0 0
0 Z%

!
oy ) =06
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Similarly we have

L (e o L
g :( o) @(1))20(“ -

Therefore the proof is complete. O

In the following, we present the algorithm called scaledSDPIP which calculates a KKT
point by using the scaled Newton method.

Algorithm scaledSDPIP

Step 0. (Initialize) Set ¢ > 0 and 0 < 7 < 1. Choose wy € R™ x R™ x SP (X (z9) >
0, Zo > 0). Set k = 0.

Step 1. (Termination) If ||7(wg)|| < &, then stop.
Step 2. (Scaled Newton steps)

Step 2.1 Choose py = &|lro(wy) || with & = ©(1).

Step 2.2 Calculate the direction Awy by solving the scaled Newton equations
Js(wg)Awy, = —TFg(wg, ug) at wy. Set Wyt = wp + Awy,.

Step 2.3 Calculate the direction Aw), 1 by solving the scaled Newton equations

Js(wk+%)Awk+% = —rs(wk+%, ) at Wiy 1o Set Wpyr = wy 1+ Awy 1.

Step 3. (Update) Set k := k4 1 and go to Step 1.

Now we prove two-step superlinear convergence of Algorithm scaledSDPIP. In the
following, we will consider two kinds of scaled Newton methods. In Section 6.1, we first
deal with the scaled Newton method with T}, = Xk_l/2 (HRVW/KSH/M direction), and

then in Section 6.2, we deal with the scaled Newton method with 7}, = W, 12 (NT
direction).

6.1 Scaled Newton method with 7} = Xk_l/2

For the choice of T}, = Xk_l/g, we have

Xe=1, Z,=X"7zx"

and (12) and (13) reduce to
1

and
(Hk)z'j =tr (AZ(Ik)XI;IAJ(ZL’k)Zk) .

The following lemma estimates the Newton step Awy near the solution w*.

17



Lemma 4 Suppose that assumptions (A1)—(A4) hold. Let 7' be a positive constant. Sup-
pose that w is an interior point which is sufficiently close to w* and that r(w,u_) =
O(,ulfT,) i1s satisfied for a positive number pu_. Let p be a positive number. Then the
Newton step from Js(w)Aw = —Fg(w, j1) satisfies

Aw = O([[r(w, w]]).
Proof. By letting E = XZ — pu_1I, we have
XZAXX ' =AXZ+EAXX'— AXX'E.

Thus equation (34) yields

XAZ = pl—-XZ— %(AXZ + XZAXX ™)

= ul —XZ—-AXZ— %(EAXX—1 —AXX'E),

which implies that
(35) XAZ—FAXZ—/LI—XZ—%(EAXX1—AXX1E).
By transposing the matrices in the both sides above, we have

ZAX +AZX =pul — ZX — %(X‘IAXET —(X'E)'AX).

By adding the above two equations, we obtain

XAZ +AXZ +ZAX +AZX
1 1
=2ul —(XZ+ZX)— 5(EAXX—1 + X 'AXET) + 5(AXX—IE +(X'E)TAX)),

which implies that

(36) XAZ+NAXZ+ZAX +AZX +(E0 X HAX — (1o X 'E)AX
=oul — (XZ + ZX).

We write equations (7), (8) and (36) by
(37) Js(w)Aw = —rg(w, p).

We note that any solution to the Newton equations Jg(w)Aw = —7g(w, 1) satisfies the
linear system of equations (37).
Now we prove the nonsingularity of Ji(w). Since equation (36) implies

0

0 0
Js(w) — Jg(w) = 0 00 ],
(Eos X' —T®s X 'E)A(z) 0 0

18



we have

17(w) = Js(w)llr < (B ®s X)A@)|lr + [|(1 @5 X' E)A(2)||r.

Since Lemma 3 and the definition of £ imply X' = O(u~!) and E = O(u**™), and each
A;(x) is bounded, we have

(E®s X HA@)Ir < |E®s X M|p|A()||r
O(|E® X'+ X '@ E|p)
= O(IEINO(IX )

— O( 1+T> ( 1)

= O(u7).

Similarly we have

!

I ®s X E)A(2)l|lr = O(uT).
Thus it follows from the inequalities above that
175(w) = Js(w)llr = O(uT).
Since w is sufficiently close to w*, the matrix Jg(w) is nonsingular and its inverse matrix
is uniformly bounded, so is the matrix J§(w). Thus equation (37) guarantees that Aw =
O([|rs(w, u)|]) = O(||r(w, p)||) hold. Therefore the lemma is proved. O

We give the following theorem, which plays an important role in showing superlinear
convergence property of Algorithm scaledSDPIP.

Lemma 5 Suppose that assumptions (A1)-(A4) hold and that w is an interior point which
is sufficiently close to w*. Let M. be a positive constant, and let T and 7' be positive

constants that satisfy
2T

1> 7>7 and 7 > .
1—7

Let i be a given number that satisfies

1 1/7
(38) (2M> >4 >0,

Assume that w satisfies the approximate BKKT condition
(39) Ir(w, )| < Mot
Let o be a positive number defined by

(40) p= Ellro(w) ||

with & = ©(1). If Aw is obtained by solving the scaled Newton equations jg(w)Aw =
—7g(w, ), then the iterate wy=w+ Aw satisfies

/
T =T

r(wy,p) =0 7)), X(x

)=0 and Z; -0

T1
2
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Furthermore, if Aw% 1s obtained by solving the scaled Newton equations js(w%

—fs(w%,,u), then the iterate wy = wy + Aw% satisfies

(41) Ir(we, p)|| < Mo, X(wy) >0 and Z, > 0.

Proof. We first note that condition (39) yields ro(w) = ©(u_). We let the eigenvalues of
the matrix X (z + aAz) o (Z 4+ aAZ) be A\i(a) < ... < A\y(«a) for each a € [0, 1]. Since
IXoZ —pu_I|lp <||XZ—p_I|p < Mpu*t", we have

(A\:(0) — <Z )? < (M),

which implies by (38)

(42) AZ(O) Z H— = Mc:ul——H— Z M- > 07 1= 17 Y &

N | —

Let B = XZ — p_I. Then condition (39) and Lemma 3 guarantee
E=0(um), X7'=0(u"
and Lemma 4 and (40) imply
AX = O([|r(w, w)]l) = O(l[ro(w)[) + O (1) = O([lro(w)]}) = O(u-)-

Similarly we have

AZ =0(u-).
Since equation (35) yields
X(x + alAx)(Z + aAZ)
= (X(2) + aAX + *O(u*))(Z + aAZ)
= X( VZ + a(AXZ + X(2)AZ) + o*O(u?)
X(2)Z + a(pl — X(2)2) + aO(|E[l)O(I X~ [[)O(|AX | F) + a*O(u?)

= (1 — )X (2)Z + apl + a0 (™) + a?0(u*)
(43) = (1—a)X(2)Z +apl +aO(u*"),
we have

| X (z+alAz)o(Z+aAZ) — (1 —a)X o Z — aul||p = aO(u*7).

By considering the eigenvalues A\i(a) < ... < A\ («) of the matrix X (z + aAx) o (Z +
aAZ) and the eigenvalues (1 — a)A\(0) + ap < ... < (I — a)A,(0) + ap of the matrix
(1 — )X o Z + aul, we obtain the following inequality

ZM (1 — a)A(0) — a?
§ | X (x +alAz)o (Z+aAZ)—(1—a)X o Z —aul|%
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by the Hoffman and Wielandt theorem (see p.104 of [21] for example). Thus the above
relations yield
(44) O™ = || X(@+aAz)o(Z+aAZ)—(1—a)X o Z —aul|r
> (@) = (1— a)Xi(0) — ol
> (1= a)Xi(0) + ap — [Ai(a)]
for i = 1,...,p. In order to prove A;(a) > 0 for all & € (0, 1], we suppose that there
exists & satisfying A\;(&) = 0 and & € (0,1]. Then by (42), we have
1 /
S ) g < (1— )N (0) + g — [N (@)] < A0,

which yields a contradiction because of = O(||ro(w)||**™) = (") and 1 > 7/ > 7.
Thus we obtain X (z+aAx)o(Z+aAZ) = 0, and then X (z+aAx) = 0and Z+aAZ > 0
for all a € [0,1]. By setting o = 1 in (43), we have

(45) 1X: 25 — ll|r = O(+) = O(uH 7 ),
where X 1= X (.75%) Furthermore, the Newton equations yield
(46) VoL(w+ Aw) = O(|[Aw|*) and g(w + Aw) = O(||Aw]?).

On the other hand, Lemma 4 and the definition of p yield Aw = O(||r(w,pn)||) =
O([|ro(w)]|). Thus equations (45) and (46) imply that the following relation holds

(47) rwy, 1) = O 7)),
which proves the first part of this theorem.

Next we show that (41) is satisfied. In the same way as above, we can show the
second part of this theorem. In fact, u and Tll;: in (47) correspond to p_ and 7" in (39),

respectively. Let the eigenvalues of the matrix X(x% +alzi)o (Z% + ozAZ%) be N (o) <

- < Ny() for each o € [0,1]. Since [|X1 0 Z1 — pl||p < [|X3Z1 — pl|[p < nu'* T for
some positive number n, we have

1
(48) N(0) 2 5p>0, i=1....p

as described in (42). Let By = X121 — pl. Equation (45) and Lemma 3 imply

E: = O(p %) and X7' = O(p™!), and Lemma 4 and equation (47) imply
2

1
2

Awy = O(r(wy, ) = O ).

1
2

Thus equation (35) yields
X(x% + OéALU%)(ZI + ozAZQ)
T

= X(r1)21 +a( X(

)23) + aO(| 23 )OI )OI AX, 1)

1 1
2 2

+a20(p 20 T))
= (=) X(x1)Z1 + apl + aO(pu 1425 ) + a?0(p2 (1+§+f))

/
T =T
1+7 )’

(49) = (L= )X (21)Z1 + apl + aO(pu
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which corresponds to (43). Thus as in (44), we have

QO ) 2 (1 - a)X(0) + apt — [N (a)]

for i = 1,...,p. In order to prove N(a) > 0 for all @ € (0, 1], we suppose that there
exists & satisfying A} (&) = 0 and & € (0,1]. Then by (48), we have

]_ Tlf'f'
5 (1= @)+ ap < O™ 1),
which yields a contradiction. Thus the fact X(xl + OzA:m) (21 + aAZl) > 0 implies
X(fEl + aA:m) > 0and Z1 + aAZy - 0 for all o € [0, 1] which means that wy is an
interior point. Setting o = 1in (49) and using the condition 7" > 27 /(1 — 7) yield

(50) 1 X(oy + Ary)(Zy + AZy) =l = O(u*5) = o) < Moge'™

Furthermore, the Newton equations yield

!
T -7

(51) VoL(w; + Awy) = O(|Awy)[2) = 02+ 77))
and )
%) gy + Awy) = O|dw ) [P) = O 5,

Thus equations (50) - (52) imply that the following relation holds

Ir(ws, )| < Mep™

which proves the second part of this theorem.
Therefore the proof of this theorem is complete. O

Now we show the two-step superlinear convergence of Algorithm scaledSDPIP in the
following theorem.

Theorem 3 Suppose that assumptions (Al)-(A4) hold. Let M, be a positive constant,
and let 7 and 7' be positive constants that satisfy

2T
1—7

1> 7>7 and 7 >

Let i1 be a given number that satisfies

1 1/
<2M ) > p—q > 0.

Assume that an initial interior point wq is sufficiently close to w* such that the approx-
imate BKKT condition ||r(wo,u_1)| < Meu" is satisfied. Then the sequence {wy}

generated by Algorithm scaledSDPIP with T), = Xk_l/2 satisfies
|7 (wp, ptr—1)|] € Mopi?T ) X(x) =0 and  Z; = 0

for all k > 0 and converges two-step superlinearly to w* in the sense that

||wg + Awy + Awk+% —w*|| = O(|Jwp — w*||"*™)  for all k.
We can prove this theorem in the same way as the proof of Theorem 2, so we omit it.
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6.2 Scaled Newton method with 7} = I/Vk,_l/2

Next we consider the case Tj, = W, 12 given in Section 3, where the matrix W), is defined
by
Wi = XX 2, %2 X

We will also show that the point w41 = wy + Awg + Awy, 1 satisfies 7 (wer1, )| <

Mo 3f ||r(wy, pir—1)]| < Mepit? holds. This implies the two-step superlinear conver-
gence.
For the choice of T}, we have

)’Zk = Zk (16 Wk_leWk_l = Zk)
and (12) and (13) reduce to
(53) AZy = Xt — Zpy — W TAX W

and
(Hi)ij = tr { Ai(ae) Wy Ay (z) W}

The following lemma estimates the Newton step Awy near the solution w*.

Lemma 6 Suppose that assumptions (A1)—(A4) hold. Let ' be a positive constant. Sup-
pose that w is an interior point which is sufficiently close to w* and that r(w,u_) =
O(,ul_”,) is satisfied for a positive number u_. Let p be a positive number. Then the
Newton step of js(w)Aw = —rgs(w, u) satisfies the following relation

Aw = O([[r(w, w)])-
Proof. By letting F = XZ — p_1I, we have
(54) X 't=pu(Z-X""'E).
It follows from the definition of W that

W*l — X71/2<X1/2ZX1/2>1/2X71/2
_ ,ul,/2X_1/2(]+,u:1X_1/2EX1/2)1/2X_1/2

_ ,u1_/2X71/2 <[+ %M1X1/2EX1/2 —|—M) x1/2
1 _
(55) _ M1_/2X—1 + §H_1/2X_1E+M1_/2X_1/2MX_1/2,

where
M = O(u2?| XV EX2|%) = O(u=?|| E|})-
The last equality can be obtained from the fact | X ~Y2EX'?|z = ||E||p. Substituting
(54) into (55) yields
_ 1 _
(56) W=z - 5M_Wx—lE XX,
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Since we have by (54) and (56)
XWIAXW!
1 1
:=QLAX+§EAX+u4W”MX‘WAX)(mfz—gmixﬁE+XﬂﬂMxﬂﬂ),

equation (53) yields
XAZ = pl —XZ - XWITAXW!
1 1
= ul —XZ—-{AXZ— §AXX*1E + U AX(XVPMXYA) X 4 §u:1EAXZ

1 1
—Zp,:lEAXX_lE + éEAX(X—l/QMXl/Q)X—l H(XV2PMXV)AXZ

1
—§(X1/2MX‘1/2)AXX‘1E +u_ (XYPMXTVHAX (X VM XY X1

= pl = XZ - AXZ+O0(ul)O(|AX || r),
because Lemma 3 implies X' = O(u=!), and we have £ = O(u*™) and M = O(p™).
This implies that
XAZ+AXZ = pl — XZ 4 O(u”)O(|AX ||F).
Thus we obtain
(57) XAZ+AXZ+ZAX +AZX =2ul —(XZ + ZX) 4+ O(u")O(|AX | #).
We write equations (7), (8) and (57) by
Js(w)Aw = —rg(w, ),

which corresponds to (37). Therefore the lemma can be proved in the same way as the
proof of Lemma, 4. O

Since we obtain the same lemma as Lemma 5, we can show the following theorem in
the same way as Theorem 3.

Theorem 4 Suppose that assumptions (A1)-(A4) hold. Let M, be a positive constant,
and let 7 and 7' be positive constants that satisfy
2T

1> 7>7 and 7 > .
1—7

Let pu_q1 be a given number that satisfies

1 1/
<2M ) > fi—1 > 0.

Assume that an initial interior point wq is sufficiently close to w* such that the approx-
imate BKKT condition ||r(wo, pi—1)|| < Mput™ is satisfied. Then the sequence {wy}

generated by Algorithm scaledSDPIP with T}, = W,;UQ satisfies
7 (wi, o) || < M7, X(a) =0 and  Zj, =0

for all k > 0 and converges two-step superlinearly to w* in the sense that

|wy, + Awy, + Awyy1 — w*|| = O(|Jwy — w*||**7)  for all k.
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7 Concluding Remarks

In this paper, we have analyzed local behavior of primal-dual interior point methods for
solving nonlinear semidefinite programming problems. We have first proposed a primal-
dual interior point method based on the unscaled Newton method, called Algorithm
unscaledSDPIP, and have showed its local and superlinear convergence. Next we have
proposed two kinds of primal-dual interior point methods based on the scaled Newton
method, called Algorithm scaledSDPIP, and have proved their local and two-step super-
linear convergence properties.

In order to obtain a globally and superlinearly convergent method, we can combine
Algorithm SDPIP described in Section 3 and the proposed methods in Sections 5 and 6.
Specifically we propose the following method for modifying Algorithm unscaledSDPIP.

Algorithm unscaledSDPIP(Global)

Step 0. (Initialize) Set e > 0,0 < M. <1, 41 >0,0<d<1l,0<7<land0<7' <1

that satisfy
2T

1—7

I>7">7 and 7' >
Choose wy € R™ x R™ x SP (X (z9) > 0, Zy > 0). Set k = 0.
Step 1. (Termination) If ||7o(wy)|| < e, then stop.

Step 2. (Trial Newton step) If ||ro(wy)|| is sufficiently small (i.e. wy is close to a KKT
point), execute the following steps. Otherwise go to Step 3.

Step 2.1 Choose puy, = &||ro(wy)||*T™ with & = ©(1). Calculate the direction Awy
by solving the Newton equations Jg(wy)Awy, = —rg(wy, ).

Step 2.2 If ||r(wg + Awg, pug)|| < Mepig, X (xp + Azyg) = 0 and Zy, + AZy, > 0, then
set w11 = wy + Awy and go to Step 4. Otherwise go to Step 3.

Step 3. (Approximate BKKT point) Choose p, € (0, 6p1,—1). Find an interior point wj4
that satisfies
7 (w1, o) || < Mepu.

Step 4. (Update) Set k£ : =k + 1 and go to Step 1. a

Next we propose the following method for Algorithm scaledSDPIP.
Algorithm scaledSDPIP(Global)

Step 0. (Initialize) Set ¢ >0, M. >0, 1 >0,0<d<1,0<7<land0<7 <1

that satisfy
2T

1—7
Choose wy € R™ x R™ x SP (X (z9) > 0, Zy > 0). Set k = 0.

1>7>7 and 7 >
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Step 1. (Termination) If ||7(wg)|| < e, then stop.

Step 2. (Scaled Newton step) If ||ro(wyg)|| is sufficiently small (i.e. wy is close to a KKT
point), execute the following steps. Otherwise go to Step 3.

Step 2.1 Choose py, = &|ro(wy)||'T™ with & = O(1).

Step 2.2 Calculate the direction Awy by solving the scaled Newton equations
Js(wk)Awk = —fs(wk, ,U,k) at W . IfX(l’k +A.Z‘k) = 0 and Zk +AZk — 0, then
set wir1 = wy + Awy and go to Step 2.3. Otherwise go to Step 3.

Step 2.3 Set w1 = wi + Awy. Calculate the direction Awk+% by solving the
scaled Newton equations Jg(wy 1) Awy 1 = —Fs(wyy 1, ) at wy 1. I [[r(w, o+

Awk+%,uk)|| < Mouit™, X(pya +Axk+%) =0and Zy 1 +AZ, 1 > 0, then
set we1 = Wy 1 + AwH% and go to Step 4. Otherwise go to Step 3.

Step 3. (Approximate BKKT point) Choose p, € (0, 6p1,—1). Find an interior point wj4
that satisfies
7 (Wrg1s i) || < Mop™™

Step 4. (Update) Set k := k + 1 and go to Step 1. a

We can expect the global convergence property of both algorithms because of the existence
of Step 3 as a safeguard. See [23]. At the same time, we also expect that Step 3 is skipped
near a KKT point and the superlinear convergence property is obtained as discussed in
this paper.
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