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where r 4pC15
j D s4pC15

j =s4p5
j . Taking minus twice the logarithm of

the ratio gives

LRp ! Ä2 log Rp

D 4mÄ 25log4SSRpC1=SSRp5 (12)

C 4nC 15
pX

j D1

log
r 4pC15

j 4nC15

4nC r 4pC15
j 5

C4nC 15log4nC 15 0 (13)

Note that the term (12) in LRp is roughly the log-likelihood
ratio and would be negative because higher dimension results
in a smaller SSR. The term (13) plays the role of penalty
on the increase of dimension by 1 and would be positive
if

Qp
j D14n=r4pC15

j C15< 4nC 15pC1. When there is no signi! -
cant change in X between p- and 4pC 15-dimensional spaces,
then r 4pC15

j 1, and the penalty term is approximately 4nC
15log4nC 15.

A positive LRp would prefer the dimension p to 4pC15and
a negative value would prefer the dimension 4pC15 to p, and
hence one can select the dimension where the value of LRp

turns positive. Alternatively, if we de! ne MDSIC as

MDSIC1 D 4mÄ 25logSSR11

MDSICp D MDSIC1 C
pÄ 1X

j D1

LRj 1 (14)

then the optimal dimension is the one that achieves the mini-
mum of MDSICp .

5. EXAMPLES

BMDS requires that prior parameters be speci! ed. For all
the examples given in this section, we chose 5 as the degrees
of freedom a for the prior of Ô2, and we chose b to match the
prior mean of Ô2 with SSR=m obtained from the CMDS or
ALSCAL. Note that a smaller a would not make much differ-
ence because mD n4nÄ 15=2 is large. For the hyperprior of Üj ,
we chose !D 1=2 and âj D 1

2 s405
j =n, where s405

j =n is the sam-
ple variance of the j th coordinate of X obtained from CMDS
or ALSCAL, which roughly corresponds to information from
one observation as described in Section 4.

For the multiplicity constant of the variance of the normal
proposal density in the Metropolis–Hastings algorithms for
generating xi and Ô2, we chose 20382 for both xi and Ô2 as
suggested by Gelman, Roberts, and Gilks (1996). We found
reasonably fast mixing in MCMC with this choice of multi-
plicity constant.

In all the examples, we ran 13,000 iterations of MCMC and
observed very quick convergence in Ô2 and the ãij ’s. Here we
are interested in an approximate posterior mode of X rather
than its full posterior distribution, so that convergence require-
ments are less stringent than if one seeks the full posterior
distribution, and all the iterations may be used for the purpose
of obtaining the xi ’s that give minimum STRESS.

5.1 A Simulation

As an illustrative example, we generated 50 random samples
of xi from a 10-dimensional multivariate normal distribution
with mean 0 and variance I , the identity matrix. We used the
Euclidean distances between pairs 4xi 1xj 5as dissimilarities ãij .
Given these ãij ’s, we generated the observed distances dij from
a normal distribution with mean ãij and standard deviation 03,
truncated at 0. Thus, the data consist of a 50! 50 symmetric
matrix of dissimilarities computed from Euclidean distances
with Gaussian errors.

Using the results from ALSCAL for initialization, BMDS
as described in Section 3 was applied for various values of the
dimension p. With minimum STRESS and xi obtained from
BMDS, we applied MDSIC described in Section 4 to select
the dimension of xi . The results are summarized in Table 1.

The table presents values of STRESS from CMDS,
ALSCAL, and BMDS. It also presents the likelihood ratio
term of (12), the penalty term of (13), and the MDSIC given
in (14). It can be observed that BMDS shows signi! cant
improvement over CMDS, providing a smaller STRESS, and
a moderate improvement over ALSCAL when the dimension
is low. When the dimension is close to the true dimension
10, BMDS shows a moderate improvement over CMDS and
the same results as ALSCAL. It is interesting to observe
that the better performance of BMDS is more pronounced
when the dimension is low because, for visualization purposes,
dimension p D 2 is often chosen.

The table shows that the log-likelihood ratios computed
from the BMDS solution for X decrease monotonically as p
increases up to 10, that there is no signi! cant change after
dimension 10, and that the penalties stay about the same for
various p. Moreover, the MDSIC assumes a minimum at the
correct dimension, namely, 10.

We also applied BMDS with initial values obtained from
the CMDS results. It provided about the same results as before
except that it gives slightly larger STRESS (with the difference
less than .01) when the dimension is larger than or equal to
5. MDSIC with the BMDS results chose the same dimension,
10, as in the previous case.

Table 1. Analysis of Simulation Data in Example 1, xi N10(0, I)

CMDS ALSCAL BMDS
dim STRESS STRESS STRESS LRT Penalty MDSIC

1 06622 05079 04813 Ä110508 17300 10647
2 04943 03198 03063 Ä82807 17003 9714
3 03720 02250 02182 Ä69505 16905 9056
4 02751 01648 01642 Ä69903 16503 8530
5 02037 01234 01234 Ä55406 17008 7996
6 01580 00984 00984 Ä59302 17206 7612
7 01092 00772 00772 Ä41402 17709 7191
8 00809 00652 00652 Ä26702 17900 6955
9 00672 00584 00584 Ä25208 18100 6867

10 00614 00527 00527 Ä7204 18702 6795Ÿ

11 00658 00511 00511 Ä5302 18605 6910
12 00715 00500 00500 Ä1404 18607 7043
13 00784 00497 00497 Ä1103 18702 7216
14 00855 00495 00495 Ä904 18509 7391

*Minimum MDSIC.

a
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5.2 Airline Distances Between Cities

Hartigan(1975,p. 192) providedairline distancesbetween
30 principal cities of the world; these are shown in
Figure 1. Cities are locatedon the surfaceof the earth, a
three-dimensionalsphere,andairplanestravel on the surface
of the earth.Thus,airline distancesarenot exactlyEuclidean
distancesand we may expect the dimension of xi to be
between2 and3.

The BMDS wasappliedto the data.In this example,initial
valuesfrom CMDS and ALSCAL yielded almost the same
BMDS results.The BMDS resultsfrom CMDS initial values
areshownin Table2.

BMDS yielded much smaller SSR than did CMDS and
moderatelysmallerSSRthan did ALSCAL in all cases.The
estimatedSSRfrom BMDS droppedvery quickly until dimen-
sion 3 and then increasedslightly at dimension4. MDSIC
selecteddimension3. We observedthat the last coordinates
of xi in dimension4 are almostequalto 0, indicatingstrong
evidencefor dimension3.

Figure 1. Airline Distances Between Cities (100 miles, .62 miD1 km) (Hartigan 1975).

Table 2. Analysis of City Data

CMDS ALSCAL BMDS
dim STRESS STRESS STRESS LRT Penalty MDSIC

1 .6782 .4007 .3617 ƒ704.2 95.7 5336
2 .4682 .1795 .1604 ƒ548.5 91.4 4727
3 .3811 .0903 .0851 4.7 108.0 4270
4 .4006 .0902 .0856 ƒ2.4 88.9 4383
5 .4139 .0902 .0854 4.1 143.9 4469

*Minimum MDSIC.

Figure 2 is a plot of the observedairline distancesver-
sus the estimatedEuclideandistances.A perfect !t would
yield a 45-degreeline, as shownin Figure 2. The estimated
Euclideandistancesfrom BMDS are representedas red dots,
thosefrom CMDS as blue dots,and thosefrom ALSCAL as
greendots.OnecanseethatBMDS providedpointsveryclose
to the45-degreeline, exceptfor somepointscorrespondingto
largedistances.The !t getsworseasthe distancegetslarger,

1.  	Z�/�• Oh & Raftery (2001), Table 1, 2
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X = {xik } : (n ! p)
D = { dij } : (n× n)

(i != j , j = 1, ..., n)

m =
n(n ! 1)

2

! = {δij} : (n ! n)

! ij ∼ N (dij , " 2)I(! ij > 0)

! ij

dij =
! "

k
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X ! 2

l (X, ! 2) ∝ (! 2)! m
2 exp



− 1
2! 2 " r −

∑

i>j

log !
(

dij

!

)



Φ(·)

xi = (xi1, ..., xip)
xi ! N(0,Λ)

! 2 ∼ IG(a, b)
Λ = Diag(! 1, ..., ! p), ! j ∼ IG(" , #j)

! r =
!

i>j(" ij − dij)2
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14.10 Exercises 315

(b) Discuss the solution(s) substantively, relating them to Figure 4.1 and
to unfolding theory. In what sense are the six persons similar, in what
sense do they differ?

(c) Discuss technical reasons why the unfolding analysis works for these
data.

(d) Construct a set of plausible color preference data that do not satisfy
the ideal point model.

(e) Discuss some data sets that satisfy the ideal point model but that
would most likely lead to degenerate or other nondesirable MDS so-
lutions. (Hint: Consider the distribution of ideal points in the percep-
tual space.)

Exercise 14.3 The following table shows empirical color preferences of 15
persons (Wilkinson, 1996). The data are ranks, where 1 = most preferred.

Person
Color A B C D E F G H I J L M N O P
Red 3 1 3 1 5 3 3 2 4 2 1 1 1 2 1
Orange 5 4 5 3 3 2 4 4 5 5 5 5 4 5 2
Yellow 4 3 1 5 2 5 5 3 3 4 2 4 5 3 3
Green 1 5 4 4 4 1 2 5 1 3 4 2 2 4 4
Blue 2 2 2 2 1 4 1 1 2 1 3 3 3 1 5

(a) Unfold these data.

(b) Discuss the solution(s) substantively, connecting the color points in
the order of the electromagnetic wavelengths of the respective colors.

(c) Use an external starting conÞguration where the color points are po-
sitioned on a rough color circle similar to the one in Figure 4.1. (Hint:
Place the person points close to their most preferred color points in
the starting conÞguration.)

(d) Compare the unfolding solutions with and without external starting
conÞgurations, both technically in terms of Stress and substantively
in terms of a reasonable theory.

Exercise 14.4 The following table shows the dominant preference proÞles
(columns) for German political parties in 1969. A score of 1 indicates Òmost
preferredÓ. The row ÒfreqÓ shows the frequency of the respective preference
order in a representative survey of 907 persons (Norpoth, 1979b).
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CQ CI CA CQ CI CA CQ CI CA
Mothers

CQ
CI -.01
CA -.01 .35

Fathers

Mothers Fathers Adolescents

Fathers
CQ .60 .00 -.01
CI -.04 .24 .04 .28
CA .01 .21 .43 .03 .36

Adolescents
CQ .44 .11 .22 .45 .25 .27
CI .14 .25 .06 .22 .22 .20 .18
CA 08 - 09 28 00 22 47 12 14CA .08 -.09 .28 .00 .22 .47 .12 .14
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θ!
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